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✐♥ ♣r❛❝t✐❝❡✳ ❚❤✉s✱ t❤❡② ❛r❡ ❛❧s♦ ✜♥✐t❡ ✇❤❡♥ ♠❡❛s✉r❡❞ ✐♥ ❡✈❡♥ts✳ ❙♦ ✐s t❤❡ ❝♦✈❡r
t✐♠❡ ♦❢ ❛♥ ❛❣❡♥t✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ ✐ts ■❈❚s ♠❡❛s✉r❡❞ ✐♥ ❡✈❡♥ts✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✈❡r t✐♠❡s ♠❛② ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ✏♣❛rt✐❛❧ s②♥✲
❝❤r♦♥②✑ ❛ss✉♠♣t✐♦♥s ❬✶✶❪ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ PP ♠♦❞❡❧ ✭♣❛rt✐❛❧ ✲ ❜❡❝❛✉s❡ t❤❡ ❝♦✈❡r
t✐♠❡s ❛r❡ ♥♦t ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥ ❜② t❤❡ ❛❣❡♥ts✮✳ ❚❤✐s ❡①t❡♥s✐♦♥ ❛❧❧♦✇s t♦
❝♦♠♣✉t❡ ❞❡t❡r♠✐♥✐st✐❝ t✐♠❡ ❝♦♠♣❧❡①✐t✐❡s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ✭❛❧s♦
❝❛❧❧❡❞ ❡✈❡♥t ❝♦♠♣❧❡①✐t✐❡s✮✳ ❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ PP ♠♦❞❡❧✳
❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts✱ ♦♥ ❛♥ ❡①❛♠♣❧❡✱ s♦♠❡ t❡❝❤♥✐q✉❡s ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❡✈❡♥t
❝♦♠♣❧❡①✐t② ♦❢ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ❚❤❡ ❡①❛♠♣❧❡ ✐s ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❛♥
❡①✐st✐♥❣ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦t♦❝♦❧✱ ✉s❡❞ ❜② t❤❡ ❩❡❜r❛◆❡t ♣r♦❥❡❝t ❬✶✺❪✳ ❩❡❜r❛◆❡t ✐s
❛ ♣r♦❥❡❝t ❝♦♥❞✉❝t❡❞ ❜② t❤❡ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② ❛♥❞ ❞❡♣❧♦②❡❞ ✐♥ ❝❡♥tr❛❧ ❑❡♥②❛✳
■t ❛✐♠s ❛t st✉❞②✐♥❣ ♣♦♣✉❧❛t✐♦♥s ♦❢ ③❡❜r❛s ✉s✐♥❣ s❡♥s♦rs ❛tt❛❝❤❡❞ t♦ t❤❡ ❛♥✐♠❛❧s✳
❚❤✐s ♣r♦❥❡❝t ✉s❡s ❛ ❤✐st♦r②✲❜❛s❡❞ ♣r♦t♦❝♦❧ t♦ ❞❡❧✐✈❡r t❤❡ s❡♥s❡❞ ✈❛❧✉❡s t♦ ❛ ❜❛s❡
st❛t✐♦♥✳ ❲❤❡♥ ❛♥ ❛❣❡♥t x ❤❛s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❧❛② ✐ts ❞❛t❛ t♦ ♦t❤❡r ❛❣❡♥ts✱
✐t ♠❛② s❡❧❡❝t t❤❡ ♦♥❡✱ y✱ t❤❛t ❤❛s r❡❝❡♥t❧② ♠❡t t❤❡ ❜❛s❡ st❛t✐♦♥ ♠♦r❡ ❢r❡q✉❡♥t❧②✳
❚❤❡ ♣r♦t♦❝♦❧ ❛ss✉♠❡s t❤❛t y ✇✐❧❧ ❝♦♥t✐♥✉❡ ♠❡❡t✐♥❣ t❤❡ ❜❛s❡ st❛t✐♦♥ ❢r❡q✉❡♥t❧②
✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡ ❛♥❞ ✇✐❧❧ ❞❡❧✐✈❡r ❞❛t❛ s♦♦♥❡r✳
❚❤❡ ✜rst r❡s✉❧t ✐♥ t❤✐s ♣❛♣❡r t❤❡♦r❡t✐❝❛❧❧② s❤♦✇s t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ❩❡❜r❛◆❡t
♣r♦t♦❝♦❧ ❞♦❡s ♥♦t ❡♥s✉r❡ t❤❡ ❞❡❧✐✈❡r② ♦❢ ❛❧❧ t❤❡ ✈❛❧✉❡s t♦ t❤❡ ❜❛s❡ st❛t✐♦♥✳ ❚❤❡r❡
❛r❡ ✐♥✜♥✐t❡ ❡①❡❝✉t✐♦♥s ✐♥ ✇❤✐❝❤ s♦♠❡ ✈❛❧✉❡s ❝②❝❧❡ ❜❡t✇❡❡♥ s♦♠❡ ♠♦❜✐❧❡ ❛❣❡♥ts✳
❚❤❡ ❢❛❝t t❤❛t ❛❜♦✉t 10✪ ♦❢ t❤❡ s❡♥s❡❞ ✈❛❧✉❡s ❛r❡ ❧♦st✱ ❛s ❡①❤✐❜✐t❡❞ ❜② t❤❡
s✐♠✉❧❛t✐♦♥s ✐♥ ❬✶✺❪✱ ✐s s✉♣♣♦rt❡❞ ❤❡r❡ ❜② ❛ ❢♦r♠❛❧ ❡①♣❧❛♥❛t✐♦♥✳ ❚♦ ❡♥s✉r❡ t❤❡
❞❡❧✐✈❡r② ✇✐t❤♦✉t ♠♦❞✐❢②✐♥❣ t❤❡ ♠❛✐♥ str✉❝t✉r❡ ♦❢ t❤❡ ❡①❡❝✉t✐♦♥s✱ ✇❡ ♣r♦♣♦s❡ t✇♦
s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥s r❡s♣❡❝t✐✈❡❧② ❝❛❧❧❡❞ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧s 1 ❛♥❞
2 ✭▼❩P✶ ❛♥❞ ▼❩P✷✮✳ ❲❡ t❤❡♥ ♣r♦✈✐❞❡ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡✐r ❡✈❡♥t ❝♦♠♣❧❡①✐t✐❡s
t❤❛♥❦s t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✈❡r t✐♠❡s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ✐s
✇♦rs❡ t❤❛♥ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬✺❪ ✭t❤✐s ❛❧❣♦r✐t❤♠ r❡❛❝❤❡s t❤❡ ♦♣t✐♠❛❧
✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ✐♥ ❣❡♥❡r❛❧ ❝❛s❡s✮✳
✷ ▼♦❞❡❧ ❛♥❞ ◆♦t❛t✐♦♥s
❚❤❡ ♠♦❞❡❧ ✐s ❛s ✐♥ ❬✺❪✳ ▲❡t A ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❛❣❡♥ts ✐♥ t❤❡ s②st❡♠ ✇❤❡r❡
|A| = n ❛♥❞ n ✐s ✉♥❦♥♦✇♥ t♦ t❤❡ ❛❣❡♥ts✳ ❚❤❡ ❇❛s❡ ❙t❛t✐♦♥ ✭BS✮ ✐s ❛ ❞✐st✐♥✲
❣✉✐s❤❛❜❧❡ ❛❣❡♥t ✇✐t❤ ❡①t❡♥❞❡❞ r❡s♦✉r❝❡s ❛♥❞ ✇❤✐❝❤ ♠❛② ❜❡ ❛❧s♦ ♥♦♥✲♠♦❜✐❧❡✳✶ ■♥
❝♦♥tr❛st ✇✐t❤ BS✱ ❛❧❧ t❤❡ ♦t❤❡r ❛❣❡♥ts ❛r❡ ✜♥✐t❡✲st❛t❡✱ ❛♥♦♥②♠♦✉s ❛♥❞ ❛r❡ r❡✲
❢❡rr❡❞ ✐♥ t❤❡ ♣❛♣❡r ❛s ♠♦❜✐❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② A∗ t❤❡ s❡t ♦❢ ♠♦❜✐❧❡ ❛❣❡♥ts✳ ▼♦❜✐❧❡
❛❣❡♥ts ❛r❡ ❡♥✉♠❡r❛t❡❞ ❢r♦♠ 1 t♦ n− 1✳
P♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s tr❛♥s✐t✐♦♥ s②st❡♠s✳ ❲❡ ❛❞♦♣t t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠♠♦♥ ❞❡✜♥✐t✐♦♥s ✭❢♦r ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥s✱ r❡❢❡r✱ ❡✳❣✳✱ t♦ ❬✶✽❪✮ ✿ st❛t❡
♦❢ ❛♥ ❛❣❡♥t ✭✈❡❝t♦r ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ ✐ts ✈❛r✐❛❜❧❡s✮✱ ❝♦♥✜❣✉r❛t✐♦♥ ✭❛ ✈❡❝t♦r ♦❢
st❛t❡s ♦❢ ❛❧❧ t❤❡ ❛❣❡♥ts✮✱ tr❛♥s✐t✐♦♥ ✭❛t♦♠✐❝ st❡♣ ♦❢ t✇♦ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❛❣❡♥ts
❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ st❛t❡ ❝❤❛♥❣❡s✮✱ ❡①❡❝✉t✐♦♥ ✭❛ ♣♦ss✐❜❧② ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢
❝♦♥✜❣✉r❛t✐♦♥s r❡❧❛t❡❞ ❜② tr❛♥s✐t✐♦♥s✮✳
❆♥ ❡✈❡♥t (x y) ✐s ❛ ♣❛✐r✇✐s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭♠❡❡t✐♥❣✮ ♦❢ t✇♦ ❛❣❡♥ts x ❛♥❞
y✳ ❆♥ ❡✈❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s✐t✐♦♥✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡
t❤❛t ♥♦ t✇♦ ❡✈❡♥ts ❤❛♣♣❡♥ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❆ s❝❤❡❞✉❧❡ ✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢
❡✈❡♥ts✳ ❆ s❝❤❡❞✉❧❡✱ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡s
❛♥ ❡①❡❝✉t✐♦♥✷✳ ❇② ❛❜✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ ♦❢t❡♥ ✇r✐t❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts
t♦ r❡♣r❡s❡♥t ❜♦t❤ ❛ s❝❤❡❞✉❧❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①❡❝✉t✐♦♥✳ ■♥t✉✐t✐✈❡❧②✱ ✐t ✐s
❝♦♥✈❡♥✐❡♥t t♦ s❡❡ ❡①❡❝✉t✐♦♥s ❛s ✐❢ ❛ s❝❤❡❞✉❧❡r ✭❛❞✈❡rs❛r②✮ ✏❝❤♦♦s❡s✑ ✇❤✐❝❤ t✇♦
❛❣❡♥ts ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ♥❡①t ❡✈❡♥t✳ ❋♦r♠❛❧❧②✱ ❛ s❝❤❡❞✉❧❡r D ✐s ❛ ♣r❡❞✐❝❛t❡ ♦♥
s❝❤❡❞✉❧❡s✳ ❆ s❝❤❡❞✉❧❡ ♦❢ D ✐s ❛ s❝❤❡❞✉❧❡ t❤❛t s❛t✐s✜❡s t❤❡ ♣r❡❞✐❝❛t❡ D✳ ❋♦r t❤❡
s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ❛❣❡♥ts st❛rt ❛♥ ❡①❡❝✉t✐♦♥ s✐♠✉❧t❛♥❡♦✉s❧②
✭❡✳❣✳✱ ♦♥ s✉♥r✐s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝❧♦❝❦✱ ♦r ♦♥ r❡❝❡✐♣t ♦❢ ❛ ❣❧♦❜❛❧ s✐❣♥❛❧ ❢r♦♠ BS✮✳
❚❤❡ ♥♦♥✲s✐♠✉❧t❛♥❡♦✉s st❛rt ✐s tr❡❛t❡❞✱ ❡✳❣✳✱ ✐♥ ❬✺✱✻❪✳
❈♦✈❡r ❚✐♠❡ Pr♦♣❡rt②✳ ■♥ t❤❡ ♠♦❞❡❧✱ ❡❛❝❤ ❛❣❡♥t x ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣♦s✐t✐✈❡
✐♥t❡❣❡r cvx✱ ❝❛❧❧❡❞ t❤❡ ❝♦✈❡r t✐♠❡ ♦❢ x✳ ❆❣❡♥ts ❛r❡ ♥♦t ❛ss✉♠❡❞ t♦ ❦♥♦✇ t❤❡ ❝♦✈❡r
t✐♠❡s✳ ❲❡ ❞❡♥♦t❡ ❜② cv t❤❡ ✈❡❝t♦r ♦❢ ❛❣❡♥ts✬ ❝♦✈❡r t✐♠❡s ❛♥❞ ❜② cvmin ✭r❡s♣✳
cvmax✮ t❤❡ ♠✐♥✐♠✉♠ ✭r❡s♣✳ ♠❛①✐♠✉♠✮ ❝♦✈❡r t✐♠❡ ✐♥ cv✳
❉❡✜♥✐t✐♦♥ ✭❈♦✈❡r ❚✐♠❡ Pr♦♣❡rt②✮✳ ●✐✈❡♥ ❛ ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ❛❣❡♥ts ❛♥❞
❛ ✈❡❝t♦r cv ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ❛ s❝❤❡❞✉❧❡r D ✭❛♥❞ ❛♥② ♦❢ ✐ts s❝❤❡❞✉❧❡s✮ ✐s s❛✐❞
t♦ s❛t✐s❢② t❤❡ ❝♦✈❡r t✐♠❡ ♣r♦♣❡rt②✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡✈❡r② x ∈ A✱ ✐♥ ❛♥② cvx
❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ts ♦❢ ❛♥② s❝❤❡❞✉❧❡ ♦❢ D✱ ❛❣❡♥t x ♠❡❡ts ❡✈❡r② ♦t❤❡r ❛❣❡♥t ❛t ❧❡❛st
♦♥❝❡✳
■♥ t❤❡ ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ s❝❤❡❞✉❧❡rs t❤❛t s❛t✐s❢② t❤❡ ❝♦✈❡r t✐♠❡
♣r♦♣❡rt②✳ ❲❡ s❛② t❤❛t t❤❡ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ✐s ✉♥✐❢♦r♠ ✐❢ ❛❧❧ ✐ts ❡♥tr✐❡s ❛r❡
❡q✉❛❧✱ ✐✳❡✳✱ cvmin = cvmax✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞❡♥♦t❡ ❜② cv t❤❡ ❝♦♠♠♦♥ ✈❛❧✉❡ ♦❢
t❤❡ ❛❣❡♥ts✬ ❝♦✈❡r t✐♠❡s✳
✶ BS ✐s r❡q✉✐r❡❞ ❤❡r❡ ♦♥❧② ❜② t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦❜❧❡♠✳
✷ ❲❡ ♦♥❧② ❝♦♥s✐❞❡r ❞❡t❡r♠✐♥✐st✐❝ s②st❡♠s✳
❉❛t❛ ❈♦❧❧❡❝t✐♦♥ ❛♥❞ ❈♦♥✈❡r❣❡♥❝❡✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥✱ ❛♥
✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t ♦✇♥s ❛♥ ✐♥♣✉t
✈❛❧✉❡✳ ❊❛❝❤ ✐♥♣✉t ✈❛❧✉❡ ❤❛s t♦ ❜❡ ❞❡❧✐✈❡r❡❞ t♦ BS ❡①❛❝t❧② ♦♥❝❡✳ ❲❤❡♥ t❤✐s
❤❛♣♣❡♥s✱ ✇❡ s❛② t❤❛t ❛ ❧❡❣❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s r❡❛❝❤❡❞✳ ❆♥ ❡①❡❝✉t✐♦♥ ✐s s❛✐❞ t♦
❝♦♥✈❡r❣❡ ✐❢ ✐t r❡❛❝❤❡s ❛ ❧❡❣❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛♥ ❡①❡❝✉t✐♦♥ t❤❛t
❝♦♥✈❡r❣❡s ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ✇♦rst ❝❛s❡
❡✈❡♥t ❝♦♠♣❧❡①✐t② ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤ ♦❢ ✐ts ❡①❡❝✉t✐♦♥s✳ ❆
♣r♦t♦❝♦❧ ✭♦r ❛♥ ❛❧❣♦r✐t❤♠✮ ✐s s❛✐❞ t♦ ❝♦♥✈❡r❣❡✱ ✐❢ ❛❧❧ ✐ts ❡①❡❝✉t✐♦♥s ❝♦♥✈❡r❣❡✳
❲❤❡♥ ❞❡s❝r✐❜✐♥❣ ❛♥ ❡①❡❝✉t✐♦♥✱ ✇❡ ♠❛② ❛♥♥♦t❛t❡ ❡❛❝❤ ❡✈❡♥t ❛s ❢♦❧❧♦✇s✳ ❚❤❡
♥♦t❛t✐♦♥ (x y) ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✐s ❛ tr❛♥s❢❡r ❢r♦♠ x t♦ y✳ ❚♦ s♣❡❝✐❢② ♦♥❡ ♦❢ t❤❡
✈❛❧✉❡s ❜❡✐♥❣ tr❛♥s❢❡rr❡❞✱ v ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ♥♦t❡ (x y)(v)✳ ◆♦t❡ t❤❛t ❛❢t❡r (x y)✱
❛❣❡♥t x ❞♦❡s ♥♦t ❦❡❡♣ ❛♥② ❝♦♣② ♦❢ t❤❡ tr❛♥s❢❡rr❡❞ ✈❛❧✉❡s✳ ❆❧s♦✱ t❤❡ ♥♦t❛t✐♦♥ (x y)
❞♦❡s ♥♦t ✐♠♣❧② t❤❛t t❤❡r❡ ✐s ♥♦ tr❛♥s❢❡r✳
❋♦r s♦♠❡ ✜♥✐t❡ s❡q✉❡♥❝❡s S1, S2, . . . , Sk✱ t❤❡✐r ❝♦♥❝❛t❡♥❛t✐♦♥ ✐♥ t❤❡ ❣✐✈❡♥
♦r❞❡r ✐s ❞❡♥♦t❡❞ ❜② S1 · S2 · · ·Sk ✭♦r ❥✉st S1S2 . . . Sk✮✳ ❋♦r ❛♥② ✜♥✐t❡ s❡q✉❡♥❝❡ S
❛♥❞ ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r l✱ t❤❡ s❡q✉❡♥❝❡ Sl ✐s t❤❡ s❡q✉❡♥❝❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❡❛t✐♥❣
l t✐♠❡s t❤❡ s❡q✉❡♥❝❡ S✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ Sω ❞❡♥♦t❡s t❤❡ ✐♥✜♥✐t❡
r❡♣❡t✐t✐♦♥ ♦❢ S✳
✸ ◆♦♥ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❖r✐❣✐♥❛❧ Pr♦t♦❝♦❧
■♥ t❤❡ ♦r✐❣✐♥❛❧ ❩❡❜r❛◆❡t ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦t♦❝♦❧ ❬✶✺❪ t❤❛t ✇❡ ❝♦♥s✐❞❡r✱ ❛♥
❛❣❡♥t ❝❤♦♦s❡s✱ ❛♠♦♥❣ t❤❡ ❛❣❡♥ts ✐♥ ✐ts r❛♥❣❡✱ t❤❡ ♦♥❡ ✇❤✐❝❤ ✐s t❤❡ ♠♦st ❧✐❦❡❧②
t♦ ♠❡❡t BS ✐♥ ❛ ♥❡❛r ❢✉t✉r❡✱ ❛♥❞ tr❛♥s❢❡rs ✐ts ✈❛❧✉❡s t♦ ✐t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡
❝❤♦s❡ t♦ ✉s❡ t❤❡ ♠♦❞❡❧ ✇✐t❤ ♣❛✐r✇✐s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♠✉❧t✐✲
✇✐s❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♣♦ss✐❜❧❡ ✐♥ ❩❡❜r❛◆❡t✳ ❍❡♥❝❡✱ t❤❡ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✭❩P✮✱
❆❧❣♦r✐t❤♠ ✶ ♣r❡s❡♥t❡❞ ❜❡❧♦✇✱ ✐s ❛ r❡str✐❝t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❩❡❜r❛◆❡t
♣r♦t♦❝♦❧✳ ❍♦✇❡✈❡r✱ ❛s ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ ❩P ✐s ❛❧s♦ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧
♣r♦t♦❝♦❧✱ t❤❡ ♥♦♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❩P ✐♥✈♦❧✈❡s t❤❡ ♥♦♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❛tt❡r✳
■♥ ❩P✱ t❤❡ st❛t❡ ♦❢ ❛♥ ❛❣❡♥t x ✐s ❞❡✜♥❡❞ ❜② ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s accumulationx
❛♥❞ distancex✱ ❛♥ ❛rr❛② ♦❢ ❞❛t❛ ✈❛❧✉❡s valuesx
✶ ❛♥❞ ❛♥ ✐♥t❡❣❡r ❝♦♥st❛♥t decay
t❤❛t ✐s t❤❡ s❛♠❡ ❢♦r ❡✈❡r② ❛❣❡♥t✳ ❚❤❡ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s ❛r❡ ✐♥✐t✐❛❧❧② s❡t t♦ 0✳ ❚❤❡
❛rr❛② valuesx ❤♦❧❞s ✐♥✐t✐❛❧❧② t❤❡ ✈❛❧✉❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ s❡♥s♦r ✭❡✳❣✳✱ t❡♠♣❡r❛✲
t✉r❡ ♦r ❤❡❛rt✲r❛t❡✮✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ✜rst t❤❛t t❤❡ ♠❡♠♦r②
❛✈❛✐❧❛❜❧❡ ❢♦r ❡❛❝❤ ❛❣❡♥t ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ s♦ t❤❛t ✐t ❝❛♥ st♦r❡ t❤❡ ✈❛❧✉❡s ♦❢ ❛❧❧ t❤❡
♦t❤❡rs✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ♣r❡✈❡♥ts ♠❡♠♦r② ♦✈❡r✢♦✇s ❞✉r✐♥❣ tr❛♥s❢❡rs✷✳
■♥ ❆❧❣♦r✐t❤♠ ✶✱ ✇❤❡♥ ❛♥ ❛❣❡♥t x ♠❡❡ts BS✱ ✐ts ✈❛r✐❛❜❧❡ accumulationx ✐s
✐♥❝r❡♠❡♥t❡❞ ❛♥❞ distancex ✐s r❡s❡t t♦ 0✳ ❲❤❡♥ ❛♥ ❛❣❡♥t x ♠❡❡ts ❛♥♦t❤❡r ♠♦❜✐❧❡
❛❣❡♥t✱ ✐ts ✈❛r✐❛❜❧❡ distancex ✐s ✐♥❝r❡♠❡♥t❡❞✳ ■❢ distancex ❜❡❝♦♠❡s ❧❛r❣❡r t❤❛♥
decay✱ accumulationx ✐s ❞❡❝r❡♠❡♥t❡❞ ❛♥❞ distancex ✐s r❡s❡t t♦ 0✳
✸ ❲❤❡♥ ❛♥
✶ ❲❡ ❞♦ ♥♦t ❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ t❤❡s❡ ❛rr❛②s ❡①♣❧✐❝✐t❧②✳
✷ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❣❡♥ts ❤❛✈❡ ❛♥ ✉♥❜♦✉♥❞❡❞ O (n) ♠❡♠♦r②✳ ❚❤❡ ❝❛s❡
♦❢ ❜♦✉♥❞❡❞ ♠❡♠♦r② ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✻
✸ ❋♦r ❛✈♦✐❞✐♥❣ ♦✈❡r✢♦✇ ♣r♦❜❧❡♠s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ accumulation ✈❛r✐❛❜❧❡s ❛r❡
♣❡r✐♦❞✐❝❛❧❧② r❡s❡t t♦ ✵✳
❛❣❡♥t x ❤♦❧❞s s♦♠❡ ✈❛❧✉❡s ✐♥ valuesx ❛♥❞ ♠❡❡ts ❛♥♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t y✱ ✐❢
accumulationy ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ accumulationx✱ t❤❡♥ ❛❣❡♥t x tr❛♥s❢❡rs ❛❧❧
✐ts ✈❛❧✉❡s t♦ ❛❣❡♥t y✳ ❆♥ ❛❣❡♥t ❛❧✇❛②s tr❛♥s❢❡rs ❛❧❧ ✐ts ✈❛❧✉❡s ✇❤❡♥ ✐t ♠❡❡ts BS✳
❆❧❣♦r✐t❤♠ ✶ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧
✇❤❡♥ x ♠❡❡ts BS ❞♦
❁x tr❛♥s❢❡rs valuesx t♦ BS❃
accumulationx := accumulationx + 1
distancex := 0
❡♥❞ ✇❤❡♥
✇❤❡♥ x ♠❡❡ts y 6= BS ❞♦
✐❢ accumulationx < accumulationy ∧ ❁valuesx ✐s ♥♦t ❡♠♣t②❃ t❤❡♥
❁x tr❛♥s❢❡rs valuesx t♦ y❃
❡♥❞ ✐❢
distancex := distancex + 1
✐❢ distancex > decay t❤❡♥
✐❢ accumulationx 6= 0 t❤❡♥
accumulationx := accumulationx − 1
❡♥❞ ✐❢
distancex := 0
❡♥❞ ✐❢
❡♥❞ ✇❤❡♥
■t ❛♣♣❡❛rs t❤❛t ♥♦t ❛❧❧ ❡①❡❝✉t✐♦♥s ♦❢ ❩P ❝♦♥✈❡r❣❡✳ ■♥❞❡❡❞✱ ❛ ✈❛❧✉❡ ❝❛♥ ❝✐r❝✉✲
❧❛t❡ ❜❡t✇❡❡♥ ♠♦❜✐❧❡ ❛❣❡♥ts ✇✐t❤♦✉t ❡✈❡r ❜❡✐♥❣ ❞❡❧✐✈❡r❡❞ t♦ BS✳
❚❤❡♦r❡♠ ✶ ✭◆♦♥ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❩P✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4
❛❣❡♥ts✱ ❢♦r ❛♥② decay ≥ 1✱ t❤❡r❡ ❡①✐st ❛ ✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❛♥
❡①❡❝✉t✐♦♥ ♦❢ ❩P t❤❛t ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts ❛♥❞ ❛ ❝♦♥st❛♥t decay ≥ 1✳ ❲❡
✜rst ❞❡✜♥❡ s♣❡❝✐✜❝ s❡q✉❡♥❝❡s ♦❢ ❡✈❡♥ts ✿
✕ U1 = (1 BS)(2 1)
✕ V = [(2 3) . . . (2 n− 1)] · [(3 4) . . . (3 n− 1)] · . . . · (n− 2 n− 1)
❆❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ❡①❝❡♣t ❢♦r ❛❣❡♥t 1✱ ♠❡❡t ❡❛❝❤ ♦t❤❡r ♦♥❝❡✳
✕ W1 = (1 2) . . . (1 n− 1)
❆❣❡♥t 1 ♠❡❡ts ❡✈❡r② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t ♦♥❝❡✳
✕ U2 = (2 BS)(1 2)
✕ W2 = (2 1)(2 3) . . . (2 n− 1)
❆❣❡♥t 2 ♠❡❡ts ❡✈❡r② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t ♦♥❝❡✳
✕ Z = (3 BS) . . . (n− 1 BS)
❆❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ❡①❝❡♣t ❢♦r ❛❣❡♥ts 1 ❛♥❞ 2✱ ♠❡❡t BS✳
❲❡ ❝❤♦♦s❡ ❛♥ ✐♥t❡❣❡r g s✉❝❤ t❤❛t g · (n − 3) ≥ decay + 1✳ ◆♦✇ ✇❡ ❜✉✐❧❞ ❛
s❝❤❡❞✉❧❡ S ❛s ❢♦❧❧♦✇s ✿
X = U1 V
g W
g
1 U2 W
g
2 Z
S = Xω
❇② ❝♦♥str✉❝t✐♦♥✱ ✐♥ X✱ ❛❧❧ t❤❡ ❛❣❡♥ts ♠❡❡t ❡❛❝❤ ♦t❤❡r ❛t ❧❡❛st ♦♥❝❡✳ ❋♦r ❛♥②
♠♦❜✐❧❡ ❛❣❡♥t x✱ ✇❡ ❝❤♦♦s❡ cvx = cv = |X|✳ ❚❤❛t ✐♠♣❧✐❡s t❤❛t S s❛t✐s✜❡s t❤❡
❝♦✈❡r t✐♠❡ ♣r♦♣❡rt②✳ Pr❡❝✐s❡❧②✱ cv = g · (n−3)(n−2)2 + (2g + 1)(n− 2) + 3✳
❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v ♦❢ ❛❣❡♥t 2 ✐s ♥❡✈❡r ❞❡❧✐✈❡r❡❞ t♦ BS✳ ❚♦
s❡❡ t❤❛t✱ ❝♦♥s✐❞❡r ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ s❡q✉❡♥❝❡ X ✐s ❛♣♣❧✐❡❞ t♦ ❛♥ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ C0✳ ❉✉r✐♥❣ U1 = (1 BS)(1 2)✱ ❛❣❡♥t 1 r❡❝❡✐✈❡s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v
♦❢ ❛❣❡♥t 2✳ ❉✉r✐♥❣ t❤❡ s❡q✉❡♥❝❡ V g✱ ♦♥❧② ❛❣❡♥ts 2 t♦ n − 1 ❛r❡ ✐♥✈♦❧✈❡❞✱ t❤✉s✱
❛t t❤❡ ❡♥❞✱ ❛❣❡♥t 1 st✐❧❧ ❤♦❧❞s v✳ ❚❤❡♥ ❝♦♠❡s t❤❡ s❡q✉❡♥❝❡ W g1 ✿ ❛❣❡♥t 1 ♠❡❡ts
❡✈❡r② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t g t✐♠❡s✳ ❙✐♥❝❡ ❛❣❡♥ts 2 t♦ n− 1 ❤❛✈❡ ♥♦t ♠❡t BS ②❡t✱
t❤❡✐r ✈❛r✐❛❜❧❡s accumulation ❡q✉❛❧ 0 ❛♥❞ ❛❣❡♥t 1 ❝❛♥♥♦t tr❛♥s❢❡r v t♦ ❛♥② ♦❢
t❤❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ❛❣❡♥t 1 ✐s ✐♥✈♦❧✈❡❞ ✐♥ g · (n−2) ≥ decay+1 ✭t❤❛♥❦s t♦
t❤❡ ❝❤♦✐❝❡ ♦❢ g✮ ♠❡❡t✐♥❣s✱ t❤❡ ❞❡❝❛② ♠❡❝❤❛♥✐s♠ ♦❢ ❩P ✐♠♣❧✐❡s t❤❛t ❛t t❤❡ ❡♥❞
♦❢ W g1 ✱ t❤❡ ✈❛r✐❛❜❧❡ accumulation1 ♦❢ ❛❣❡♥t 1 ❡q✉❛❧s 0✳
❚❤❡r❡❢♦r❡✱ ❞✉r✐♥❣ U2 = (2 BS)(2 1)✱ ❛❣❡♥t 1 tr❛♥s❢❡rs v t♦ ❛❣❡♥t 2✳ ■♥ W
g
2 ✱
❛❣❡♥t 2 ✐s ✐♥✈♦❧✈❡❞ ✐♥ g · (n−2) ≥ decay+1 ♠❡❡t✐♥❣s ✇✐t❤ ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥ts✳
❇✉t ❛❧❧ t❤❡✐r ✈❛r✐❛❜❧❡s accumulation ❡q✉❛❧ 0✱ ❤❡♥❝❡ ❛❣❡♥t 2 ❦❡❡♣s v✳ ◆♦t❡ t❤❛t
t❤❡ ❞❡❝❛② ♠❡❝❤❛♥✐s♠ ✐♠♣❧✐❡s t❤❛t ❛t t❤❡ ❡♥❞ ♦❢ W g2 ✱ t❤❡ ✈❛r✐❛❜❧❡ accumulation2
♦❢ ❛❣❡♥t 2 ❡q✉❛❧s 0✳ ❋✐♥❛❧❧②✱ ❞✉r✐♥❣ Z✱ ❛❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts x 6∈ {1, 2} ♠❡❡t BS ❛♥❞
✐♥❝r❡♠❡♥t t❤❡✐r ✈❛r✐❛❜❧❡ accumulationx ❛❝❝♦r❞✐♥❣❧②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
♦❢ t❤❡ s❡q✉❡♥❝❡ X t♦ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ C0 ❧❡❛❞s t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ C1 t❤❛t
s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② P ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿
✕ ❛❣❡♥t 2 ❤♦❧❞s ✐ts ✐♥✐t✐❛❧ ✈❛❧✉❡ v
✕ accumulation1 = accumulation2 = 0
✕ ∀x ∈ A∗ − {1, 2}, accumulationx = 1
◆♦✇✱ ❛♣♣❧② X t♦ C1✳ ❆t t❤❡ ❡♥❞ ♦❢ U1✱ ❛❣❡♥t 1 ❤❛s r❡❝❡✐✈❡❞ v ❢r♦♠ ❛❣❡♥t
2 ❛♥❞ s❛t✐s✜❡s accumulation1 = 1✳ ❉✉r✐♥❣ V
g✱ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t x 6= 1 ✐s
✐♥✈♦❧✈❡❞ ✐♥ g · (n − 3) ≥ decay + 1 ♠❡❡t✐♥❣s✳ ❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ t❤❡ ❞❡❝❛②
♠❡❝❤❛♥✐s♠✱ ❛t t❤❡ ❡♥❞ ♦❢ V g✱ ❛❧❧ t❤❡ ❛❣❡♥ts✱ ❡①❝❡♣t ❢♦r ❛❣❡♥t 1✱ ❤❛✈❡ t❤❡✐r
✈❛r✐❛❜❧❡ accumulation ❡q✉❛❧ t♦ 0✳ ❍❡♥❝❡ ❞✉r✐♥❣ W g1 ✱ ❛❣❡♥t 1 ❝❛♥♥♦t tr❛♥s❢❡r v
t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞❡❝❛② ♠❡❝❤❛♥✐s♠ ✐♠♣❧✐❡s t❤❛t ❛t
t❤❡ ❡♥❞ ♦❢ W g1 ✱ t❤❡ ✈❛r✐❛❜❧❡ accumulation1 ♦❢ ❛❣❡♥t 1 ❡q✉❛❧s 0✳ ❍❡♥❝❡✱ ✇❡ s❡❡
t❤❛t t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡
s❡q✉❡♥❝❡ U2 W
g
2 Z t❤❛t ❢♦❧❧♦✇s✳ ❚❤✉s✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ X t♦ C1
❧❡❛❞s t♦ ❛ ❝♦♥✜❣✉r❛t✐♦♥ C2 t❤❛t ❛❧s♦ s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt② P✳
❍❡♥❝❡✱ ♥♦ ♠❛tt❡r ❤♦✇ ♠❛♥② s❡q✉❡♥❝❡s X ❛r❡ ❛♣♣❧✐❡❞✱ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v ♦❢
❛❣❡♥t 2 ✐s ♥❡✈❡r ❞❡❧✐✈❡r❡❞ t♦ BS✳ ⊓⊔
✹ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✶
❚♦ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ♠♦❞✐❢② t❤❡ ❛❧❣♦r✐t❤♠ ❜② ❡♥s✉r✐♥❣ t❤❛t ❛ ♠♦❜✐❧❡
❛❣❡♥t t❤❛t tr❛♥s❢❡rs ❞❛t❛ t♦ ❛♥♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t ❝❛♥ ♥♦ ❧♦♥❣❡r ❛❝❝❡♣t ❞❛t❛✳
❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❛❞❞ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ activex✱ ✐♥✐t✐❛❧❧② s❡t t♦ true✱ t❤❛t
✐♥❞✐❝❛t❡s ✇❤❡t❤❡r ❛❣❡♥t x ✐s ❛❝t✐✈❡ ♦r ♥♦t✱ ❛♥❞ ✇❡ ✐♠♣♦s❡ t❤❛t ♦♥❧② ❛❝t✐✈❡ ❛❣❡♥ts
❝❛♥ r❡❝❡✐✈❡ ✈❛❧✉❡s✳ ❖♥❝❡ ❛♥ ❛❝t✐✈❡ ❛❣❡♥t ❤❛s tr❛♥s❢❡rr❡❞ ✐ts ✈❛❧✉❡s t♦ ❛♥♦t❤❡r
♠♦❜✐❧❡ ❛❣❡♥t✱ ✐t ❜❡❝♦♠❡s ✐♥❛❝t✐✈❡✳ ❆ ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ▼❩P✶ ✐s ❣✐✈❡♥ ✐♥
❆❧❣♦r✐t❤♠ ✷✳
❆❧❣♦r✐t❤♠ ✷ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✶
✇❤❡♥ x ♠❡❡ts BS ❞♦
❁x tr❛♥s❢❡rs valuesx t♦ BS❃
accumulationx := accumulationx + 1
distancex := 0
❡♥❞ ✇❤❡♥
✇❤❡♥ x ♠❡❡ts y 6= BS ❞♦
✐❢ accumulationx < accumulationy ∧ activey ∧ ❁valuesx ✐s ♥♦t ❡♠♣t②❃ t❤❡♥
❁x tr❛♥s❢❡rs valuesx t♦ y❃
activex := false
❡♥❞ ✐❢
distancex := distancex + 1
✐❢ distancex > decay t❤❡♥
✐❢ accumulationx 6= 0 t❤❡♥
accumulationx := accumulationx − 1
❡♥❞ ✐❢
distancex := 0
❡♥❞ ✐❢
❡♥❞ ✇❤❡♥
✹✳✶ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ▼❩P✶
❲❡ ♥♦✇ s❤♦✇ t❤❛t ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✶ ❝♦♥✈❡r❣❡s✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡
❢❛❝t t❤❛t t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❛❣❡♥ts ❝❛♥♥♦t ✐♥❝r❡❛s❡✱ s♦ t❤❛t ❛t s♦♠❡ ♣♦✐♥t ♦❢ ❛♥②
❡①❡❝✉t✐♦♥✱ ✐t r❡♠❛✐♥s ❝♦♥st❛♥t✳ ❋r♦♠ t❤❛t ♣♦✐♥t✱ t❤❡r❡ ✐s ♥♦ tr❛♥s❢❡r ❜❡t✇❡❡♥
t✇♦ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ❛♥❞ s✐♥❝❡ ❛❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts ❡✈❡♥t✉❛❧❧② ♠❡❡t BS ✭❞✉❡ t♦ t❤❡
❝♦✈❡r t✐♠❡ ♣r♦♣❡rt②✮✱ ❛❧❧ ✈❛❧✉❡s ❛r❡ ❡✈❡♥t✉❛❧❧② ❞❡❧✐✈❡r❡❞✳
❚❤❡♦r❡♠ ✷ ✭❈♦♥✈❡r❣❡♥❝❡ ♦❢ ▼❩P✶✮✳ ▼❩P✶ ❝♦♥✈❡r❣❡s✳
Pr♦♦❢✳ ▲❡t E ❜❡ ❛♥ ❡①❡❝✉t✐♦♥✳ ❲❡ ♥♦t❡ ACT (k) t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❛❣❡♥ts ✐♥ t❤❡
k✲t❤ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ E ✳ ❚❤❡ s❡q✉❡♥❝❡ (ACT (1), ACT (2), . . . ) ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣✱
t❤✉s ✐t ✐s ❡✈❡♥t✉❛❧❧② ❝♦♥st❛♥t ✿ ∃k0 ∈ N,∀k ≥ k0, ACT (k) = ACT (k0)✳ ❙t❛rt✐♥❣
❢r♦♠ t❤❡ k0✲t❤ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥② ❢✉rt❤❡r tr❛♥s❢❡r ❜❡t✇❡❡♥ t✇♦
❛❝t✐✈❡ ❛❣❡♥ts✳ ❖t❤❡r✇✐s❡✱ t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❛❣❡♥ts ✇♦✉❧❞ ❞❡❝r❡❛s❡✳ ❆❧s♦✱ ❛❝❝♦r❞✐♥❣
t♦ ❆❧❣♦r✐t❤♠ ✷✱ t❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥② tr❛♥s❢❡r ❢r♦♠ ❛♥ ❛❝t✐✈❡ ❛❣❡♥t t♦ ❛♥♦t❤❡r
✐♥❛❝t✐✈❡ ❛❣❡♥t✱ ♥♦r ❢r♦♠ ❛♥ ✐♥❛❝t✐✈❡ ❛❣❡♥t t♦ ❛♥ ✐♥❛❝t✐✈❡ ❛❣❡♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱
♦♥❝❡ t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❛❣❡♥ts r❡♠❛✐♥s ❝♦♥st❛♥t✱ t❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥② tr❛♥s❢❡r
❜❡t✇❡❡♥ t✇♦ ♠♦❜✐❧❡ ❛❣❡♥ts✳ ❙✐♥❝❡ ❛❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts ♠❡❡t BS ✐♥ t❤❡ ♥❡①t cvmax
❡✈❡♥ts✱ ❛❧❧ t❤❡ ✈❛❧✉❡s ❛r❡ ❡✈❡♥t✉❛❧❧② ❞❡❧✐✈❡r❡❞✳ ⊓⊔
✹✳✷ ❯♣♣❡r ❇♦✉♥❞ t♦ t❤❡ ▼❩P✶ ❈♦♠♣❧❡①✐t②
❲❡ ❝♦♠♣✉t❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ♥❡❡❞❡❞ t♦ ❝♦❧❧❡❝t ❛❧❧ t❤❡
✈❛❧✉❡s ❛t t❤❡ ❜❛s❡ st❛t✐♦♥✳ ❋✐rst ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❛t❤✳
❉❡✜♥✐t✐♦♥ ✭P❛t❤ ❢♦❧❧♦✇❡❞ ❜② ❛ ✈❛❧✉❡✮✳ ▲❡t E ❜❡ ❛♥ ❡①❡❝✉t✐♦♥ ❛♥❞ v ❜❡ ❛
✈❛❧✉❡ ✐♥ t❤❡ s②st❡♠✳ ❚❤❡ ♣❛t❤ ❢♦❧❧♦✇❡❞ ❜② v ✐♥ E ✐s t❤❡ s❡q✉❡♥❝❡ ✭♣♦ss✐❜❧② ✐♥✜♥✐t❡✮
♦❢ ♠♦❜✐❧❡ ❛❣❡♥ts t❤❛t s✉❝❝❡ss✐✈❡❧② ❝❛rr② v✳
❋♦r ❡①❛♠♣❧❡✱ ❧❡t x1 ❜❡ ❛♥ ❛❣❡♥t ✇❤♦s❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ✐s v✳ ■t ✐s ♣♦ss✐❜❧❡ t❤❛t x1
tr❛♥s❢❡rs v t♦ s♦♠❡ ❛❣❡♥t x2✱ t❤❡♥ ❛❣❡♥t x2 tr❛♥s❢❡rs v t♦ s♦♠❡ ❛❣❡♥t x3 ✇❤✐❝❤
✜♥❛❧❧② ❞❡❧✐✈❡rs v t♦ BS✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❛t❤ ❢♦❧❧♦✇❡❞ ❜② v ✐s x1x2x3✳ ◆♦t❡
t❤❛t✱ ✇✐t❤♦✉t t❤❡ active ✈❛r✐❛❜❧❡ ✭❡✳❣✳ ✐♥ ❩P✮✱ ❛❣❡♥t x1 ❛♥❞ ❛❣❡♥t x3 ❝♦✉❧❞ ❜❡
t❤❡ s❛♠❡✳
❚❤❡♦r❡♠ ✸ ✭❯♣♣❡r ❇♦✉♥❞ ✲ ▼❩P✶✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 3
❛❣❡♥ts✱ ❢♦r ❛♥② ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv✱ ❛♥❞ ❢♦r ❛♥② decay ≥ 1✱ ❛♥② ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✶ ❝♦♥✈❡r❣❡s ✐♥ ♥♦ ♠♦r❡ t❤❛♥
∑
x∈A∗ cvx ❡✈❡♥ts✳
Pr♦♦❢✳ ▲❡t E ❜❡ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✶✳ ❇② ❚❤❡♦r❡♠ ✷✱ E ❝♦♥✈❡r❣❡s✱ ✐✳❡✳✱ ❛❧❧ t❤❡
✈❛❧✉❡s ❛r❡ ❡✈❡♥t✉❛❧❧② ❞❡❧✐✈❡r❡❞✳ ▲❡t v ❜❡ ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ s♦♠❡ ❛❣❡♥t x1 s✉❝❤
t❤❛t v ✐s t❤❡ ❧❛st ❞❡❧✐✈❡r❡❞ ✈❛❧✉❡ ✐♥ E ✳ ❈♦♥s✐❞❡r t❤❡ ♣❛t❤ pi ❢♦❧❧♦✇❡❞ ❜② v ✐♥ E ✳ ■t
✐s ♦❢ t❤❡ ❢♦r♠ x1x2 . . . xk ❢♦r s♦♠❡ k ≥ 1✱ xk ❜❡✐♥❣ t❤❡ ❛❣❡♥t t❤❛t ❞❡❧✐✈❡rs v t♦
BS✳ ❙✐♥❝❡ ❛ ♠♦❜✐❧❡ ❛❣❡♥t ❜❡❝♦♠❡s ✐♥❛❝t✐✈❡ ❛s s♦♦♥ ❛s ✐t tr❛♥s❢❡rs s♦♠❡ ✈❛❧✉❡s✱
❛❧❧ t❤❡ ❛❣❡♥ts ❛♣♣❡❛r✐♥❣ ✐♥ pi ❛r❡ ❞✐✛❡r❡♥t✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ 1 ≤ k ≤ n− 1✳ ❚❤❡♥
t❤❡ ❡①❡❝✉t✐♦♥ E ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts✶ ✿
E =
[
. . . (x1 x2)
(v)
]
︸ ︷︷ ︸
e1
[
. . . (x2 x3)
(v)
]
︸ ︷︷ ︸
e2
. . .
[
. . . (xk−1 xk)
(v)
]
︸ ︷︷ ︸
ek−1
[
. . . (xk BS)
(v)
]
︸ ︷︷ ︸
ek
. . .
❚❤❡ s✉❜s❡q✉❡♥❝❡ ei st❛rts ❛❢t❡r t❤❡ tr❛♥s❢❡r ♦❢ v ❢r♦♠ xi−1 t♦ xi ❛♥❞ ❡♥❞s ✇✐t❤
t❤❡ tr❛♥s❢❡r ♦❢ v ❢r♦♠ xi t♦ xi+1✳ ❆t t❤❡ ❡♥❞ ♦❢ ek✱ v ✐s ❞❡❧✐✈❡r❡❞ t♦ t❤❡ ❜❛s❡
st❛t✐♦♥✳ ❋♦r ❛❧❧ 1 ≤ i ≤ k−1✱ t❤❡ ❧❡♥❣t❤ ♦❢ ei ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② cvxi ✱ ❜❡❝❛✉s❡
xi ❞♦❡s ♥♦t ♠❡❡t BS ✐♥ ei ✭❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ei✱ xi ❤❛s r❡❝❡✐✈❡❞ v ❛♥❞ tr❛♥s❢❡rs
✐t t♦ xi+1 ❛t t❤❡ ✈❡r② ❡♥❞ ♦❢ ei✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❧❡♥❣t❤ ♦❢ ek ✐s ✉♣♣❡r ❜♦✉♥❞❡❞
❜② cvxk ✱ ❜❡❝❛✉s❡ t❤❡r❡ t❤❡ ✜rst ♠❡❡t✐♥❣ ♦❢ xk ✇✐t❤ BS ♥❡❝❡ss❛r✐❧② ♦❝❝✉rs ✐♥ t❤❡
✜rst cvxk ❡✈❡♥ts t❤❛t ❢♦❧❧♦✇ t❤❡ r❡❝❡♣t✐♦♥ ♦❢ v✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✈❛❧✉❡ v ✐s
❞❡❧✐✈❡r❡❞ t♦ BS ✐♥ ❧❡ss t❤❛♥
∑
x∈π cvx ≤
∑
x∈A∗ cvx✳ ❙✐♥❝❡ ❛❧❧ ♦t❤❡r ✈❛❧✉❡s ❛r❡
❞❡❧✐✈❡r❡❞ ❜❡❢♦r❡ v✱ E ❝♦♥✈❡r❣❡s ✐♥
∑
x∈A∗ cvx ❡✈❡♥ts✳ ⊓⊔
✶ ❲❡ r❡♠✐♥❞ t❤❡ r❡❛❞❡r t❤❛t t❤✐s ✐s ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ r❡❢❡r t♦ ❙❡❝t✐♦♥ ✷✳
✹✳✸ ▲♦✇❡r ❇♦✉♥❞ t♦ ▼❩P✶ ❈♦♠♣❧❡①✐t②
◆♦✇ ✇❡ ♣r❡s❡♥t ❛ ❧♦✇❡r ❜♦✉♥❞ t❤❛t ❛❧♠♦st ♠❛t❝❤❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ❛ss✉♠❡ ❛ ✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r
cv✳ ❍❡♥❝❡✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸ ❜❡❝♦♠❡s (n − 1) · cv✳ ■♥ t❤❡
s❡q✉❡❧✱ ✇❡ ❜✉✐❧❞ ❛♥ ❡①❡❝✉t✐♦♥ t❤❛t ❝♦♥✈❡r❣❡s ✐♥ (n − 2) · cv✱ ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦
t❤✐s ✉♣♣❡r ❜♦✉♥❞✳
❚❤❡♦r❡♠ ✹ ✭▲♦✇❡r ❇♦✉♥❞ ✲▼❩P✶✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts✱
❢♦r ❛♥② decay ≥ 1✱ t❤❡r❡ ❡①✐st ❛ ✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❛♥ ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✶ t❤❛t ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ✐♥ str✐❝t❧② ❧❡ss t❤❛♥ (n− 2) · cv ❡✈❡♥ts✳
Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts ❛♥❞ ❛ ❝♦♥st❛♥t decay ≥ 1✳
▲❡t g ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t g · (n − 3) ≥ decay + 1✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✉♥✐❢♦r♠
❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv✱ t❤❡ ✈❛❧✉❡ ♦❢ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❧❛t❡r✳
❲❡ ❜✉✐❧❞ ❛♥ ❡①❡❝✉t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ ❛❣❡♥t 1 ✐s s✉❝❝❡ss✐✈❡❧②
❝❛rr✐❡❞ ❜② ❡✈❡r② ♦t❤❡r ❛❣❡♥t✳ ❋♦r ❡❛❝❤ 1 ≤ k ≤ n − 2✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡
Ek ♦❢ ❧❡♥❣t❤ cv ✐♥ ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ v ✐s tr❛♥s❢❡rr❡❞ ❢r♦♠ ❛❣❡♥t k t♦ k + 1✱ ❛♥❞
❛♥♦t❤❡r s❡q✉❡♥❝❡ ∆ ✐♥ ✇❤✐❝❤ ❛❣❡♥t n− 1 ❞❡❧✐✈❡rs v t♦ BS✳ ❙✐♥❝❡ ❛ s❝❤❡❞✉❧❡
✐s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛ r❡♣❡❛t✐♥❣ ♣❛tt❡r♥ Ω ❛♥❞ ✇❡ ❞❡✜♥❡
❛ s❝❤❡❞✉❧❡ S = E1E2 · · ·En−2∆Ω
ω✳ ❚❤❡ ❞✐✣❝✉❧t② ❧✐❡s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
s❡q✉❡♥❝❡s Ek✱∆ ❛♥❞ Ω s♦ t❤❛t t❤❡ s❝❤❡❞✉❧❡ S s❛t✐s✜❡s t❤❡ ❝♦✈❡r t✐♠❡ ♣r♦♣❡rt②
❛♥❞ t❤❡ ✈❛❧✉❡ v ✐s ❞❡❧✐✈❡r❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ∆✳
❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❞❡✜♥❡ s♣❡❝✐✜❝ s❡q✉❡♥❝❡s ❛s ❢♦❧❧♦✇s ✿
✕ ❋♦r 1 ≤ k ≤ n−1✱ U(k) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♠♦❜✐❧❡ ❛❣❡♥ts✱
❡①❝❡♣t ❢♦r ❛❣❡♥t k✱ ♠❡❡t ❡❛❝❤ ♦t❤❡r ♦♥❝❡✳ ❍❡♥❝❡✱ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t ✭❡①❝❡♣t
❢♦r ❛❣❡♥t k✮ ✐s ✐♥✈♦❧✈❡❞ ✐♥ n− 3 ♠❡❡t✐♥❣s✳ ❲❡ ❤❛✈❡ |U(k)| = (n−3)(n−2)2 ✳
✕ ❋♦r 1 ≤ k ≤ n − 1✱ V (k) ✐s ❛ s❡q✉❡♥❝❡ ✐♥ ✇❤✐❝❤ ❛❣❡♥t k ♠❡❡ts ❡✈❡r② ♦t❤❡r
♠♦❜✐❧❡ ❛❣❡♥t ♦♥❝❡✳ ❲❡ ❤❛✈❡ |V (k)| = n− 2✳
✕ ❋♦r 1 ≤ p ≤ q ≤ n − 1✱ Bpq = (q BS)(q − 1 BS) . . . (p BS) ✐s ❛ s❡q✉❡♥❝❡ ✐♥
✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t x✱ ❢r♦♠ q t♦ p✱ s✉❝❝❡ss✐✈❡❧② ♠❡❡ts BS ✐♥ t❤✐s ♦r❞❡r✳ ❲❡
❤❛✈❡ |Bpq | = q − p+ 1✳
✕ ❋♦r 1 ≤ p ≤ q ≤ n − 1✱ Cpq = [(q q + 1)(q BS)] . . . [(p p+ 1)(p BS)] ✐s ❛
s❡q✉❡♥❝❡ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t x✱ ❢r♦♠ q t♦ p✱ ♠❡❡ts ✐ts s✉❝❝❡ss♦r x+ 1 t❤❡♥
BS✳ ❲❡ ❤❛✈❡ |Cpq | = 2 · (q − p+ 1)✳
❋✐rst✱ ✇❡ ❧♦♦❦ ❛t ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ s❡q✉❡♥❝❡s s✉❝❤ ❛s U(k) ♦r V (k) ❛r❡
r❡♣❡❛t❡❞❧② ❛♣♣❧✐❡❞✳ ■♥ U(k)g✱ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t x 6= k ✐s ✐♥✈♦❧✈❡❞ ✐♥ g ·(n−3) ≥
decay+1 ♠❡❡t✐♥❣s✳ ❚❤✉s✱ t❤❛♥❦s t♦ t❤❡ ❞❡❝❛② ♠❡❝❤❛♥✐s♠✱ ❛♣♣❧②✐♥❣ U(k)g t♦ ❛♥②
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♠❛❦❡s ❡❛❝❤ ♥♦♥✲③❡r♦ accumulationx✱ ✇✐t❤ x 6= k✱ ❞❡✲
❝r❡❛s❡ ❛t ❧❡❛st ❜② ♦♥❡✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t ❛♣♣❧②✐♥❣ V (k)g t♦ ❛♥② ❝♦♥✲
✜❣✉r❛t✐♦♥ ♠❛❦❡s accumulationk ❞❡❝r❡❛s❡ ❛t ❧❡❛st ❜② ♦♥❡✱ ✉♥❧❡ss accumulationk
❛❧r❡❛❞② ❡q✉❛❧s 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s❡q✉❡♥❝❡s U(k)g ❛♥❞ V (k)g ❤❡❧♣ r❡s❡tt✐♥❣
t❤❡ ✈❛r✐❛❜❧❡s accumulation✳
◆♦✇✱ ❝♦♥s✐❞❡r ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❢♦r ❛❧❧ x ∈ A∗, accumulationx = 0✳ ■♥
❛❞❞✐t✐♦♥✱ ❛ss✉♠❡ t❤❛t s♦♠❡ ♠♦❜✐❧❡ ❛❣❡♥t k✱ s✉❝❤ t❤❛t 1 ≤ k ≤ n−2✱ ❤♦❧❞s ❛ ✈❛❧✉❡
w ❛♥❞ t❤❛t ❛❣❡♥t k + 1 ✐s ❛❝t✐✈❡ ✭✐✳❡✳✱ ✐t ❝❛♥ r❡❝❡✐✈❡ ✈❛❧✉❡s✮✳ ❚❤❡♥ ✐t ✐s ❡❛s② t♦
s❡❡ t❤❛t ❞✉r✐♥❣ t❤❡ s❡q✉❡♥❝❡ Bk+1n−1 ·C
1
k = B
k+2
n−1(k + 1 BS)(k k + 1)(k BS)C
1
k−1✱
❛❣❡♥t k tr❛♥s❢❡rs w t♦ k + 1✳ ▼♦r❡♦✈❡r✱ ❛t t❤❡ ❡♥❞✱ ❡✈❡r② accumulationx ✭✇✐t❤ x
❛ ♠♦❜✐❧❡ ❛❣❡♥t✮ ❡q✉❛❧s 1✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♣♣❧②✐♥❣ Bk+1n−1 ·C
1
k t♦ t❤❡ ❛♣♣r♦♣r✐❛t❡
❝♦♥✜❣✉r❛t✐♦♥ r❡s✉❧ts ✐♥ ❛ tr❛♥s❢❡r ❢r♦♠ ❛❣❡♥t k t♦ ❛❣❡♥t k + 1✳
❲❡ ❛❧s♦ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ 1 ≤ k ≤ n − 2✱ ❛ ✏✜❧❧✐♥❣✑ s❡q✉❡♥❝❡ Fk ♦❢ ♠❡❡t✐♥❣s
❜❡t✇❡❡♥ ♠♦❜✐❧❡ ❛❣❡♥ts✳ ❲❡ ♦♥❧② r❡q✉✐r❡ t❤❛t |Fk| = n − 2 − k ✭✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t Fn−2 = ∅✮✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ Fk ✐s t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢
Ek ✐s ❝♦♥st❛♥t ✭✐♥❞❡♣❡♥❞❡♥t ♦❢ k✮✳ ◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡s Ek
✭1 ≤ k ≤ n− 2✮✱ ∆ ❛♥❞ Ω ✿
Ek = U(k)
g(k k + 1)Fk︸ ︷︷ ︸
♣r♦❧♦❣✉❡
·Bk+1n−1C
1
k︸ ︷︷ ︸
❝❡♥t❡r
·U(k)gV (k)g︸ ︷︷ ︸
❡♣✐❧♦❣✉❡
∆ = U(n− 1)g · (n− 1 BS)
Ω = Bn−1n−1C
1
n−2 · U(n− 1)
gV (n− 1)g ·∆
❚❤❡♥ ✇❡ s❡t cv = |Ek|✳ Pr❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ cv = g·(n−3)(n−2)+(g+2)(n−2)+2✳
Pr♦✈✐♥❣ t❤❛t t❤❡ s❝❤❡❞✉❧❡ S s❛t✐s✜❡s t❤❡ ❝♦✈❡r t✐♠❡ ♣r♦♣❡rt② ✐s ♥♦t ❞✐✣❝✉❧t ❜✉t
t❡❞✐♦✉s✳ ❚❤✐s ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❬✹❪✳ ■♥st❡❛❞✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡
❝✐r❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v ♦❢ ❛❣❡♥t 1✳ ▲❡t C1 ❜❡ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ ♣r♦❧♦❣✉❡ ♦❢ E1 ♦♥❧② ✐♥✈♦❧✈❡s ♠❡❡t✐♥❣s ❜❡t✇❡❡♥ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ❛♥❞✱ s✐♥❝❡
❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t ❤❛s ✐ts ✈❛r✐❛❜❧❡ accumulation ❡q✉❛❧ t♦ 0✱ t❤❡r❡ ✐s ♥♦ tr❛♥s❢❡r✳
❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❡♥t❡r ♦❢ E1✱ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s s❤♦✇ t❤❛t ❛❣❡♥t 1 ❤❛s
tr❛♥s❢❡rr❡❞ v t♦ ❛❣❡♥t 2 ❛♥❞ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t x s❛t✐s✜❡s accumulationx = 1✳
❚❤❡ ❡♣✐❧♦❣✉❡ ♦❢ E1 ✜rst ❜❡❣✐♥s ❜② U(2)
g ❛t t❤❡ ❡♥❞ ♦❢ ✇❤✐❝❤✱ ❡❛❝❤ ♠♦❜✐❧❡ ❛❣❡♥t x✱
❡①❝❡♣t ❢♦r ❛❣❡♥t 2✱ ❤❛s ✐ts ✈❛r✐❛❜❧❡ accumulationx ❡q✉❛❧ t♦ 0✳ ❚❤❡ ❡♣✐❧♦❣✉❡ ❡♥❞s
✇✐t❤ V (2)g ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ tr❛♥s❢❡r ❢r♦♠ ❛❣❡♥t 2 t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡
❛❣❡♥ts ✭t❤❡✐r accumulation ❜❡✐♥❣ ❡q✉❛❧ t♦ 0✮✳ ▼♦r❡♦✈❡r✱ ❛t t❤❡ ❡♥❞ ♦❢ E1✱ ❛❧❧
♠♦❜✐❧❡ ❛❣❡♥ts ✭✐♥❝❧✉❞✐♥❣ ❛❣❡♥t 2✮✱ ❤❛✈❡ t❤❡✐r ✈❛r✐❛❜❧❡ accumulation ❡q✉❛❧ t♦ 0
❛♥❞ ❛❣❡♥t 2 ❤♦❧❞s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v ♦❢ ❛❣❡♥t 1✳ ❆❧s♦✱ ♦♥❧② ❛❣❡♥t 1 ❤❛s ❜❡❝♦♠❡
✐♥❛❝t✐✈❡✳ ❲❡ ❞❡♥♦t❡ ❜② C2 t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ E1✳
■❢ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✈❛r✐❛❜❧❡s accumulation✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ C2
✐s s✐♠✐❧❛r t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ C1✳ ❍❡♥❝❡✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t ❞✉r✐♥❣
E2✱ ❛❣❡♥t 2 tr❛♥s❢❡rs v t♦ ❛❣❡♥t 3✳ ■♥ t❤❡ r❡s✉❧t✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ C3✱ ❛❧❧ t❤❡
❛❣❡♥ts ❤❛✈❡ t❤❡✐r ✈❛r✐❛❜❧❡s accumulation ❡q✉❛❧ t♦ 0 ❛❣❛✐♥✱ ❛♥❞ t❤❡ ♣r♦❝❡ss ❝❛♥
❜❡ ✐t❡r❛t❡❞✳ ❆t t❤❡ ❡♥❞ ♦❢ En−2✱ ❛❣❡♥t n− 1 ❤♦❧❞s t❤❡ ✈❛❧✉❡ v✳ ❚❤❡r❡❢♦r❡✱ t❤❡
✈❛❧✉❡ v ✐s ❞❡❧✐✈❡r❡❞ t♦ BS ❡①❛❝t❧② ❛t t❤❡ ❡♥❞ ♦❢ ∆ = U(n − 1)g(n− 1 BS)✳ ■♥
s✉♠♠❛r②✱ ✇✐t❤ t❤❡ s❝❤❡❞✉❧❡ S✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ❜❡❢♦r❡ t❤❡ ✜rst
(n− 2) · cv ❡✈❡♥ts✳ ⊓⊔
✺ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✷
❆s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞✱ t❤❡ ♥♦♥ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❩P ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❛ ✈❛❧✉❡
❝❛♥ ❝✐r❝✉❧❛t❡ ❜❡t✇❡❡♥ t✇♦ ♦r ♠♦r❡ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ✇✐t❤♦✉t ❡✈❡r ❜❡✐♥❣ ❞❡❧✐✈❡r❡❞ t♦
t❤❡ ❜❛s❡ st❛t✐♦♥✳ ❚♦ ♣r❡✈❡♥t t❤❛t✱ ✐♥▼❩P✶✱ ✇❡ ✐♠♣♦s❡❞ t❤❛t ❛ ♠♦❜✐❧❡ ❛❣❡♥t t❤❛t
tr❛♥s❢❡rs s♦♠❡ ✈❛❧✉❡s ❝❛♥♥♦t r❡❝❡✐✈❡ t❤❡ ✈❛❧✉❡s ❧❛t❡r✳ ❆♥♦t❤❡r ✇❛② t♦ ♣r❡✈❡♥t
❝②❝❧✐♥❣ ♦❢ ✈❛❧✉❡s ✐s t♦ ✐♠♣♦s❡ t❤❛t ❛ ♠♦❜✐❧❡ ❛❣❡♥t r❡❝❡✐✈✐♥❣ s♦♠❡ ✈❛❧✉❡s ❝❛♥♥♦t
tr❛♥s❢❡r t❤❡♠ t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t ❧❛t❡r✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❛♥ active ❜✐t ✐s
❛❧s♦ ✐♥tr♦❞✉❝❡❞✱ ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥❛❧✐t② t❤❛♥ ✐♥ ▼❩P✶✳ ❚❤❡ r❡s✉❧t✐♥❣
♣r♦t♦❝♦❧✱ ❝❛❧❧❡❞ ▼❩P✷✱ ✐s ❣✐✈❡♥ ✐♥ ❆❧❣♦r✐t❤♠ ✸✳
❆❧❣♦r✐t❤♠ ✸ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✷
✇❤❡♥ x ♠❡❡ts BS ❞♦
❁x tr❛♥s❢❡rs ✐ts ✈❛❧✉❡s t♦ BS❃
accumulationx := accumulationx + 1
distancex := 0
❡♥❞ ✇❤❡♥
✇❤❡♥ x ♠❡❡ts y 6= BS ❞♦
✐❢ accumulationx < accumulationy ∧ activex ∧ ❁valuesx ✐s ♥♦t ❡♠♣t②❃ t❤❡♥
❁x tr❛♥s❢❡rs ✐ts ✈❛❧✉❡s t♦ y❃
activey := false ✴✴ ❛❣❡♥t y ❜❡❝♦♠❡s ✐♥❛❝t✐✈❡
❡♥❞ ✐❢
distancex := distancex + 1
✐❢ distancex > decay t❤❡♥
✐❢ accumulationx 6= 0 t❤❡♥
accumulationx := accumulationx − 1
❡♥❞ ✐❢
distancex := 0
❡♥❞ ✐❢
❡♥❞ ✇❤❡♥
✺✳✶ ❯♣♣❡r ❇♦✉♥❞ t♦ ▼❩P✷ ❈♦♠♣❧❡①✐t②
❚❤❡♦r❡♠ ✺ ✭❯♣♣❡r ❇♦✉♥❞ ✲ ▼❩P✷✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 1
❛❣❡♥ts✱ ❢♦r ❛♥② ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❢♦r ❛♥② decay ≥ 1✱ ❛♥② ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✷ ❝♦♥✈❡r❣❡s ✐♥ ❧❡ss t❤❛♥ 2 · cvmax ❡✈❡♥ts✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✷ ❛♥❞ ❛♥ ❛❣❡♥t x ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡ v✳
❉✉r✐♥❣ t❤❡ ✜rst cvmax ❡✈❡♥ts✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✳ ❊✐t❤❡r ❛❣❡♥t x ❞♦❡s
♥♦t tr❛♥s❢❡r v t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t t❤❡♥✱ ♠❡❡t✐♥❣ BS✱ ✐t ❞❡❧✐✈❡rs v✳ ❖r✱
s♦♠❡ ♠♦❜✐❧❡ ❛❣❡♥t y ❤❛s r❡❝❡✐✈❡❞ v ❢r♦♠ ❛❣❡♥t x ❛♥❞ ❤❛s ❜❡❝♦♠❡ ✐♥❛❝t✐✈❡✳ ❍❡♥❝❡✱
❛❣❡♥t y ❝❛♥♥♦t tr❛♥s❢❡r v t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❛❣❡♥t y
✇✐❧❧ tr❛♥s❢❡r v t♦ BS ❞✉r✐♥❣ t❤❡ ♥❡①t cvmax ❡✈❡♥ts✳ ■♥ ❛❧❧ ❝❛s❡s✱ v ✐s ❞❡❧✐✈❡r❡❞ t♦
t❤❡ ❜❛s❡ st❛t✐♦♥ ✐♥ ❧❡ss t❤❛♥ 2 · cvmax ❡✈❡♥ts✳ ❙✐♥❝❡ v ❝❛♥ ❜❡ ❛♥② ✈❛❧✉❡✱ ✇❡ s❡❡
t❤❛t ❛❧❧ ✈❛❧✉❡s ❛r❡ ❞❡❧✐✈❡r❡❞ t♦ t❤❡ ❜❛s❡ st❛t✐♦♥ ✐♥ ❧❡ss t❤❛♥ 2 ·cvmax ❡✈❡♥ts✳ ⊓⊔
✺✳✷ ▲♦✇❡r ❇♦✉♥❞ t♦ ▼❩P✷ ❈♦♠♣❧❡①✐t②
❚❤❡♦r❡♠ ✻ ✭▲♦✇❡r ❇♦✉♥❞ ✲▼❩P✷✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts
❛♥❞ ❛♥② decay ≥ 1✱ t❤❡r❡ ❡①✐st ❛ ✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❛♥ ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✷ t❤❛t ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ✐♥ str✐❝t❧② ❧❡ss t❤❛♥ 2 · cv − 2 ❡✈❡♥ts✳
Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥t❡❣❡r g s✉❝❤ t❤❛t g · (n−3) ≥ decay+1✱ ❛♥❞ ✇❡ ❞❡✜♥❡
s♣❡❝✐✜❝ s❡q✉❡♥❝❡s ❛s ❢♦❧❧♦✇s ✿
✕ U = (3 BS) . . . (n− 1 BS)✳
❆❣❡♥ts 3 t♦ n− 1 ♠❡❡t t❤❡ ❜❛s❡ st❛t✐♦♥ ♦♥❝❡✳
✕ V = [(2 3) . . . (2 n− 1)] · [(3 4) . . . (3 n− 1)] · . . . · (n− 2 n− 1)
■♥ V ✱ ❛❧❧ ♠♦❜✐❧❡ ❛❣❡♥ts✱ ❡①❝❡♣t ❢♦r ❛❣❡♥t 1✱ ♠❡❡t ❡❛❝❤ ♦t❤❡r ♦♥❝❡✳
✕ W = (1 3) . . . (1 n− 1)✳
❆❣❡♥t 1 ♠❡❡ts ❡✈❡r② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t✱ ❡①❝❡♣t ❢♦r ❛❣❡♥t 2✱ ❡①❛❝t❧② ♦♥❝❡✳
✕ X = U · V g ·W · (2 BS)(1 2)(1 BS)
❲❡ ❜✉✐❧❞ ❛ s❝❤❡❞✉❧❡ S ❜② r❡♣❡❛t✐♥❣ X ✐♥✜♥✐t❡❧② ♠❛♥② t✐♠❡s ✿ S = Xω✳ ❲❡
❝❤♦♦s❡ t❤❡ s❛♠❡ ❝♦✈❡r t✐♠❡✱ cv = |X|✱ ❢♦r ❛❧❧ t❤❡ ❛❣❡♥ts✳ ❆ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥
s❤♦✇s t❤❛t cv = 2n − 3 + g · (n−3)(n−2)2 ✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t S s❛t✐s✜❡s t❤❡
❝♦✈❡r t✐♠❡ ♣r♦♣❡rt②✳
◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✷ ✐♥❞✉❝❡❞ ❜② S ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡
❜❡❢♦r❡ t❤❡ ✜rst 2 · cv − 2 ❡✈❡♥ts✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✜rst U ✐♥ S✱ ❛❣❡♥ts 3 t♦
n− 1 ❤❛✈❡ s✉❝❝❡ss✐✈❡❧② ♠❡t BS ❛♥❞ tr❛♥s❢❡rr❡❞ t❤❡✐r ✈❛❧✉❡s t♦ ✐t✳ ❚❤✉s✱ ❛❧❧ t❤❡
✈❛r✐❛❜❧❡s accumulationx ❢♦r 3 ≤ x ≤ n−1 ❡q✉❛❧ 1✳ ❚❤❡♥ ❝♦♠❡s t❤❡ s❡q✉❡♥❝❡ V
g
✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t x 6= 1 ✐s ✐♥✈♦❧✈❡❞ ✐♥ g · (n−3) ≥ decay+1 ♠❡❡t✐♥❣s✳ ❍❡♥❝❡✱
t❤❛♥❦s t♦ t❤❡ ❞❡❝❛② ♠❡❝❤❛♥✐s♠✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✜rst V g✱ ❡✈❡r② ❛❣❡♥t x✱ ❢r♦♠
2 t♦ n− 1✱ ❤❛s ✐ts ✈❛r✐❛❜❧❡ accumulationx r❡s❡t t♦ 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡
✐s ♥♦ tr❛♥s❢❡r ❢r♦♠ ❛❣❡♥t 1 t♦ ❛♥② ♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t ❞✉r✐♥❣ t❤❡ s❡q✉❡♥❝❡ W
t❤❛t ❢♦❧❧♦✇s V g✳ ❚❤❡♥ ❞✉r✐♥❣ t❤❡ s❡q✉❡♥❝❡ (2 BS)(1 2)(1 BS)✱ ❛❣❡♥t 2 r❡❝❡✐✈❡s
t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ v ♦❢ 1✳ ❋r♦♠ t❤✐s ♣♦✐♥t✱ ❛❣❡♥t 2 ❝❛♥♥♦t tr❛♥s❢❡r v t♦ ❛♥② ♦t❤❡r
❛❣❡♥t ❜✉t BS✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ♣r❡❝✐s❡❧② cv ❡✈❡♥ts ❧❛t❡r ✭❞✉r✐♥❣ t❤❡ ❡✈❡♥t (2 BS)
✐♥ t❤❡ s❡❝♦♥❞ X ♦❢ S✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❛❧✉❡ v ✐s ❞❡❧✐✈❡r❡❞ t♦ BS ❡①❛❝t❧② ❛❢t❡r
t❤❡ (2 · cv − 2)✲t❤ ❡✈❡♥ts ♦❢ t❤❡ s❝❤❡❞✉❧❡✳ ⊓⊔
✻ ❇♦✉♥❞❡❞ ▼❡♠♦r②
❯♣ t♦ ♥♦✇✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ♠♦❜✐❧❡ ❛❣❡♥ts ❤❛✈❡ ❛♥ ✉♥❜♦✉♥❞❡❞ ✭O (n)✮
♠❡♠♦r②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ ❝❛s❡ ♦❢ ❜♦✉♥❞❡❞ ♠❡♠♦r②✱ ✐✳❡✳✱ ❛ ♠❡♠♦r②
s✐③❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts✳ ❲❡ ❛ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ♠❡♠♦r② ♦❢
❛♥ ❛❣❡♥t ❝❛♥ ❤♦❧❞ ❛t ♠♦st k ✈❛❧✉❡s✱ ✇✐t❤ k ≥ 1✳ ❇♦t❤ ▼❩P✶ ❛♥❞ ▼❩P✷ ❝❛♥ ❜❡
❛❞❛♣t❡❞ t♦ t❤✐s ❝❛s❡✳ ■♥❞❡❡❞✱ ❛♥② tr❛♥s❢❡r ♦❢ ✈❛❧✉❡s ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❛✈❛✐❧❛❜❧❡
♠❡♠♦r② ❛♥❞ t❤❡ tr❛♥s❢❡r ♠❛② ❜❡ ♣❛rt✐❛❧✳ ❉✉r✐♥❣ ❛♥ ❡✈❡♥t✱ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡
✈❛❧✉❡s ❛r❡ tr❛♥s❢❡rr❡❞✳ ◆♦t❡ t❤❛t ❛❧❧ ✈❛❧✉❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r t❤❡ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥
♣r♦❜❧❡♠✱ t❤✉s ✐t ✐s ✉♥♥❡❝❡ss❛r② t♦ ♣r❡❝✐s❡ ✇❤✐❝❤ ✈❛❧✉❡s ❛r❡ ❛❝t✉❛❧❧② tr❛♥s❢❡rr❡❞✳
■♥ ❛♥ ❛❞❛♣t❡❞ ▼❩P✶✱ ♦♥❝❡ ❛♥ ❛❣❡♥t ❤❛s tr❛♥s❢❡rr❡❞ s♦♠❡ ✈❛❧✉❡s✱ ❡✈❡♥ ✐❢ t❤❡
tr❛♥s❢❡r ✐s ♦♥❧② ♣❛rt✐❛❧✱ ✐t ❜❡❝♦♠❡s ✐♥❛❝t✐✈❡ ❛♥❞ ❝❛♥♥♦t r❡❝❡✐✈❡ ♦t❤❡r ✈❛❧✉❡s✳
❋♦r ❡✈❡r② ❛❣❡♥t x✱ t❤❡ ✈❛❧✉❡s ❤❡❧❞ ❜② x ❛r❡ st♦r❡❞ ✐♥ ❛ ❞②♥❛♠✐❝ ❛rr❛② valuesx✱
✇❤♦s❡ s✐③❡ ✐s ❞❡♥♦t❡❞ ❜② size(valuesx)✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ size(valuesx) ≤ k✳
❆❧❣♦r✐t❤♠ ✹ ♣r❡s❡♥ts ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ▼❩P✶✱ ❜✉t t❤❡ s❛♠❡ ✐❞❡❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
t♦▼❩P✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ❞♦ ♥♦t ♣r❡s❡♥t ✐♥ t❤❡ ❝♦❞❡ t❤❡ ♠❛♥❛❣❡♠❡♥t
❆❧❣♦r✐t❤♠ ✹ ▼♦❞✐✜❡❞ ❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✶ ✲ ❇♦✉♥❞❡❞ ♠❡♠♦r②
✇❤❡♥ x ♠❡❡ts BS ❞♦
❁x tr❛♥s❢❡rs ✐ts ✈❛❧✉❡s t♦ BS❃
accumulationx := accumulationx + 1
distancex := 0
❡♥❞ ✇❤❡♥
✇❤❡♥ x ♠❡❡ts y 6= BS ❞♦
count := min(size(valuesx),k− size(valuesy))
✐❢ accumulationx < accumulationy ∧ activey ∧ count > 0 t❤❡♥
❁x tr❛♥s❢❡rs count ✈❛❧✉❡s t♦ y❃
activex := false
❡♥❞ ✐❢
distancex := distancex + 1
✐❢ distancex > decay t❤❡♥
✐❢ accumulationx 6= 0 t❤❡♥
accumulationx := accumulationx − 1
❡♥❞ ✐❢
distancex := 0
❡♥❞ ✐❢
❡♥❞ ✇❤❡♥
♦❢ t❤❡ ❞②♥❛♠✐❝ ❛rr❛② valuesx✳ ❲❡ ❞❡♥♦t❡ ❜② ▼❩P✶✲❇▼ ✭r❡s♣✳▼❩P✷✲❇▼✮ t❤❡
❜♦✉♥❞❡❞✲♠❡♠♦r② ✈❡rs✐♦♥ ♦❢ ▼❩P✶ ✭r❡s♣✳ ▼❩P✷✮✳
■t ❛♣♣❡❛rs t❤❛t✱ ❢♦r ❜♦t❤▼❩P✶ ❛♥❞▼❩P✷✱ t❤❡ ♣r♦♦❢s ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s ✭❙❡❝t✐♦♥s ✹✳✶✱ ✹✳✷✱ ✹✳✸✱ ✺✳✶ ❛♥❞ ✺✳✷✮ ❛r❡ st✐❧❧ ❛♣♣❧✐❝❛❜❧❡✳ ■♥❞❡❡❞✱ t❤❡
♠❡♠♦r② s✐③❡ t✐❣❤t❡♥s t❤❡ ❝♦♥str❛✐♥ts ♦♥ tr❛♥s❢❡rs✱ ❜✉t ❞♦ ♥♦t ❢✉♥❞❛♠❡♥t❛❧❧②
❛✛❡❝t t❤❡ str✉❝t✉r❡s ♦❢ ❜♦t❤ ▼❩P✶ ❛♥❞ ▼❩P✷✳ ❙t✐❧❧✱ ✇❡ s❦❡t❝❤ t❤❡ ♣r♦♦❢s ❢♦r
▼❩P✶✲❇▼ ❛♥❞ ▼❩P✷✲❇▼✳
❚❤❡♦r❡♠ ✼ ✭❇♦✉♥❞s t♦ ▼❩P✶✲❇▼ ❝♦♠♣❧❡①✐t②✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A
♦❢ n ≥ 1 ❛❣❡♥ts✱ ❢♦r ❛♥② ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv✱ ❢♦r ❛♥② decay ≥ 1✱ ❛♥② ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✶✲❇▼ ❝♦♥✈❡r❣❡s ✐♥ ❧❡ss t❤❛♥
∑
x∈A∗ cvx ❡✈❡♥ts✳
❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts✱ ❢♦r ❛♥② decay ≥ 1✱ t❤❡r❡ ❡①✐st ❛
✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✶✲❇▼ t❤❛t ❞♦❡s ♥♦t
❝♦♥✈❡r❣❡ ✐♥ str✐❝t❧② ❧❡ss t❤❛♥ (n− 2) · cv ❡✈❡♥ts✳
Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t ▼❩P✶✲❇▼ ❝♦♥✈❡r❣❡s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡t ♦❢
❛❝t✐✈❡ ❛❣❡♥ts ❝❛♥♥♦t ✐♥❝r❡❛s❡✳ ❆s ✐♥▼❩P✶✱ ♦♥❝❡ t❤❡ s❡t ♦❢ ❛❝t✐✈❡ ❛❣❡♥ts r❡♠❛✐♥s
❝♦♥st❛♥t✱ t❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥② tr❛♥s❢❡r ❜❡t✇❡❡♥ ❛♥② t✇♦ ♠♦❜✐❧❡ ❛❣❡♥ts✳ ❙✐♥❝❡ ❛❧❧
♠♦❜✐❧❡ ❛❣❡♥ts ♠❡❡t BS ✐♥ t❤❡ ♥❡①t cvmax ❡✈❡♥ts✱ t❤❡ ♣r♦t♦❝♦❧ ❝♦♥✈❡r❣❡s✳
❚❤❡ ✉♣♣❡r ❜♦✉♥❞ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ▼❩P✶✲❇▼ ✐s ❝♦♠♣✉t❡❞ ❜② ❧♦♦❦✐♥❣
❛t t❤❡ ♣❛t❤ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❧❛st ❞❡❧✐✈❡r❡❞ ✈❛❧✉❡ v✱ ✐✳❡✳✱ t❤❡ ♠♦❜✐❧❡ ❛❣❡♥ts t❤❛t
s✉❝❝❡ss✐✈❡❧② ❝❛rr② v✳ ❚❤❡ ♠❡♠♦r② s✐③❡ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❢❛❝t t❤❛t ❛ ♠♦❜✐❧❡
❛❣❡♥t ✐♥ t❤✐s ♣❛t❤ ❝❛♥♥♦t ❛♣♣❡❛r t✇✐❝❡✱ t❤❛♥❦s t♦ t❤❡ ❜✐t active✱ ♥♦r t❤❡ ❢❛❝t
t❤❛t ❛ ♠♦❜✐❧❡ ❛❣❡♥t x ✐♥ t❤✐s ♣❛t❤ ❤♦❧❞s v ❢♦r ❛t ♠♦st cvx ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ts✳
❚❤✉s ❛♥② ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✶✲❇▼ ❝♦♥✈❡r❣❡s ✐♥ ❧❡ss t❤❛♥
∑
x∈A∗ cvx ❡✈❡♥ts✳
❚❤❡ ❧♦✇❡r ❜♦✉♥❞ t♦ ▼❩P✶✲❇▼ ❝♦♠♣❧❡①✐t② ✐s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤❡ s❛♠❡
s❝❤❡❞✉❧❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ■♥❞❡❡❞✱ ❛♣♣❧②✐♥❣ t❤✐s s❝❤❡❞✉❧❡ t♦ ❛♥ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ ❣✐✈❡s ❛♥ ❡①❡❝✉t✐♦♥ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t ❤♦❧❞s ❛t ♠♦st ♦♥❡ ✈❛❧✉❡✱
✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ k ≥ 1✳ ⊓⊔
❚❤❡♦r❡♠ ✽ ✭❇♦✉♥❞s t♦ ▼❩P✷✲❇▼ ❝♦♠♣❧❡①✐t②✮✳ ❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A
♦❢ n ≥ 1 ❛❣❡♥ts✱ ❢♦r ❛♥② ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv✱ ❢♦r ❛♥② decay ≥ 1✱ ❛♥② ❡①❡❝✉t✐♦♥
♦❢ ▼❩P✷✲❇▼ ❝♦♥✈❡r❣❡s ✐♥ ❧❡ss t❤❛♥ 2 · cvmax ❡✈❡♥ts✳
❋♦r ❛♥② ♣♦♣✉❧❛t✐♦♥ A ♦❢ n ≥ 4 ❛❣❡♥ts✱ ❢♦r ❛♥② decay ≥ 1✱ t❤❡r❡ ❡①✐st ❛
✉♥✐❢♦r♠ ❝♦✈❡r t✐♠❡ ✈❡❝t♦r cv ❛♥❞ ❛♥ ❡①❡❝✉t✐♦♥ ♦❢ ▼❩P✷✲❇▼ t❤❛t ❞♦❡s ♥♦t
❝♦♥✈❡r❣❡ ✐♥ str✐❝t❧② ❧❡ss t❤❛♥ r❡s♣✳ 2 · cv − 2 ❡✈❡♥ts✳
Pr♦♦❢✳ ❉✉r✐♥❣ t❤❡ ✜rst cvmax ❡✈❡♥ts✱ ❛♥ ❛❣❡♥t x ❡✐t❤❡r tr❛♥s❢❡rs ✐ts ✐♥✐t✐❛❧ ✈❛❧✉❡ v
t♦ BS ♦r t♦ ❛♥♦t❤❡r ♠♦❜✐❧❡ ❛❣❡♥t y✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛❣❡♥t y ✐s t❤❡♥ ✐♥❛❝t✐✈❡
❛♥❞ ❝❛♥♥♦t tr❛♥s❢❡r v t♦ ❛♥② ♦t❤❡r ❛❣❡♥t✱ ❜✉t BS✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ t❤❡ ♥❡①t
cvmax ❡✈❡♥ts✳ ❚❤✉s ▼❩P✷✲❇▼ ❛❧s♦ ❝♦♥✈❡r❣❡s ✐♥ ❧❡ss t❤❛♥ 2 · cvmax ❡✈❡♥ts✳
❚❤❡ ❧♦✇❡r ❜♦✉♥❞ t♦ ▼❩P✷✲❇▼ ✐s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤❡ s❛♠❡ s❝❤❡❞✉❧❡ ❞❡✲
s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ■♥❞❡❡❞✱ ❛♣♣❧②✐♥❣ t❤✐s s❝❤❡❞✉❧❡ t♦ ❛♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
❣✐✈❡s ❛♥ ❡①❡❝✉t✐♦♥ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t ❤♦❧❞s ❛t ♠♦st ♦♥❡ ✈❛❧✉❡✱ ✇❤✐❝❤ ✐s ❝♦♠✲
♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ k ≥ 1✳ ⊓⊔
✼ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② t❤❡ ❩❡❜r❛◆❡t ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦t♦❝♦❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
P♦♣✉❧❛t✐♦♥ Pr♦t♦❝♦❧s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ✐♥ ❛❧❧
❝❛s❡s✱ t❤❡ ♣r♦❜❧❡♠ ❜❡✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ❛ ✈❛❧✉❡ t♦ ❝②❝❧❡ ❛♠♦♥❣ t❤❡ ♠♦❜✐❧❡
❛❣❡♥ts ✇✐t❤♦✉t r❡❛❝❤✐♥❣ t❤❡ ❜❛s❡ st❛t✐♦♥✳
❚♦ ❡♥s✉r❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ♣r♦♣♦s❡ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ♦r✐❣✐✲
♥❛❧ ♣r♦t♦❝♦❧✱ ▼❩P✶ ❛♥❞ ▼❩P✷✳ ◆♦t✐❝❡ t❤❛t ▼❩P✶ ✐s ❛ ♠✉❧t✐✲❤♦♣ ♣r♦t♦❝♦❧✳
■♥ ❝♦♥tr❛st✱ ▼❩P✷ ✐s ❛ t✇♦✲❤♦♣ ♦♥❡✳ ❍❡♥❝❡✱ ▼❩P✶ ❛♣♣r♦①✐♠❛t❡s ❜❡tt❡r t❤❡
♦r✐❣✐♥❛❧ ❩❡❜r❛◆❡t ♣r♦t♦❝♦❧ t❤❛♥ ▼❩P✷✳ ❋♦r ❜♦t❤ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥s✱ t❤❡ ✇♦rst
❝❛s❡ ❝♦♠♣❧❡①✐t② ✐s ♠✉❝❤ ✇♦rs❡ t❤❛♥ ❢♦r t❤❡ ♥❡❛r ♦♣t✐♠❛❧ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦t♦❝♦❧
♣r❡s❡♥t❡❞ ✐♥ ❬✺❪ ✭✐ts ❝♦♠♣❧❡①✐t② ✐s ❧❡ss t❤❛♥ 2 ·cvmin✮✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦t♦❝♦❧ ❛s✲
s✉♠❡s t❤❛t✱ ✇❤❡♥ t✇♦ ❛❣❡♥ts ♠❡❡t✱ ❜♦t❤ ❦♥♦✇ ✇❤✐❝❤ ♦❢ t❤❡♠ ❤❛s ❛ s♠❛❧❧❡r ❝♦✈❡r
t✐♠❡✳ ❲❡ ❞♦ ♥♦t ♠❛❦❡ s✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ ❤❡r❡✱ ❜✉t ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r t❤❛t t❤❡
❩❡❜r❛◆❡t Pr♦t♦❝♦❧ ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♥❡❛r ♦♣t✐♠❛❧ ♣r♦t♦❝♦❧ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ s❡♥s❡✳ ❆♥ ❛❣❡♥t t❤❛t ❤❛s ♠❡t BS ♠❛♥② t✐♠❡s ✐♥ t❤❡ ♣❛st✱ ❤❛s ✐♥t✉✐t✐✈❡❧②
t♦ ❜❡ ❢❛st ❛♥❞ t❤✉s✱ ♠✉st ❤❛✈❡ ❛ s♠❛❧❧ ❝♦✈❡r t✐♠❡✳ ❈♦♠♣❛r✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡
❛❝❝✉♠✉❧❛t✐♦♥ ✈❛r✐❛❜❧❡s✱ ✇❤❡♥ t✇♦ ❛❣❡♥ts ♠❡❡t✱ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ♦❢ ❝♦♠♣❛r✐♥❣ t❤❡✐r ❝♦✈❡r t✐♠❡s✳ ❚❤✐s ♣❛♣❡rs s❤♦✇s t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥
✐s ❜❛❞ ✇❤❡♥ t❤❡ ✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ✐s ❝♦♥s✐❞❡r❡❞✳ ◆♦t❡ t❤❛t ♦♣t✐♠❛❧ ❜♦✉♥❞s
t♦ t❤❡ ✇♦rst ❝❛s❡ ❝♦♠♣❧❡①✐t② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹❪❀ ♣r❡❝✐s❡❧②
∑
x∈A∗ cvx−2·(n−2)
❢♦r ▼❩P✶✴▼❩P✶✲❇▼ ❛♥❞ 2 · cvmax − 2 ❢♦r ▼❩P✷✴▼❩P✷✲❇▼✳ ❆ ♣♦ss✐❜❧❡✱
❜✉t s✉r❡❧② ❞✐✣❝✉❧t ❡①t❡♥s✐♦♥ t♦ t❤✐s ✇♦r❦ ✇♦✉❧❞ ❜❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦t♦❝♦❧s✳ P❡r❤❛♣s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ♣r♦t♦❝♦❧ ✐♥ ❬✺❪ ❛♥❞ t❤❡
♣r♦t♦❝♦❧s▼❩P✶ ❛♥❞▼❩P✷ ✐s ♥♦t s♦ ❧❛r❣❡ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛✈❡r❛❣❡ ❝♦♠♣❧❡①✐t②✳
❙✉❝❤ ❛♥ ❛♥❛❧②s✐s ✇♦✉❧❞ ❛❧s♦ ❤✐❣❤❧✐❣❤t t❤❡ r♦❧❡ ♦❢ t❤❡ ♠❡♠♦r② s✐③❡✳
❆♥♦t❤❡r ♣❡rs♣❡❝t✐✈❡ ✇♦✉❧❞ ❜❡ t♦ ❛♣♣❧② ♦✉r ♣✉r❡❧② ❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞♦❧♦❣②
t♦ ♠♦r❡ ✐♥tr✐❝❛t❡ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣r♦t♦❝♦❧s✱ ❛s ❢♦r ✐♥st❛♥❝❡ P❘❖P❍❊❚ ❬✶✼❪✱ ❢♦r
✇❤✐❝❤ ♦♥❧② s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❋♦r t❤✐s ♣r♦t♦❝♦❧✱ ❛s ✇❡❧❧ ❛s ❢♦r ♦t❤❡rs✱
t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s ♥♦t s✉♣♣♦s❡❞ t♦ r❡♣❧❛❝❡ s✐♠✉❧❛t✐♦♥s✱ ❜✉t ❛❧❧♦✇s t♦
♦❜t❛✐♥ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ q✉✐❝❦❧② ❛♥❞ ✇✐t❤ ❧❡ss ✐♥✈❡st♠❡♥t✳
❘❡❢❡r❡♥❝❡s
✶✳ ❉✳ ❆♥❣❧✉✐♥✱ ❏✳ ❆s♣♥❡s✱ ❩✳ ❉✐❛♠❛❞✐✱ ▼✳ ❋✐s❤❡r✱ ❛♥❞ ❘✳ P❡r❛❧t❛✳ ❈♦♠♣✉t❛t✐♦♥ ✐♥
♥❡t✇♦r❦s ♦❢ ♣❛ss✐✈❡❧② ♠♦❜✐❧❡ ✜♥✐t❡✲st❛t❡ s❡♥s♦rs✳ ■♥ P❖❉❈✱ ♣❛❣❡s ✷✾✵✕✷✾✾✱ ✷✵✵✹✳
✷✳ ❉✳ ❆♥❣❧✉✐♥✱ ❏✳ ❆s♣♥❡s✱ ❛♥❞ ❉✳ ❊✐s❡♥st❛t✳ ❋❛st ❝♦♠♣✉t❛t✐♦♥ ❜② ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s
✇✐t❤ ❛ ❧❡❛❞❡r✳ ❉❈✱ ✷✶✭✸✮✿✶✽✸✕✶✾✾✱ ✷✵✵✽✳
✸✳ ❉✳ ❆♥❣❧✉✐♥✱ ❏✳ ❆s♣♥❡s✱ ❉✳ ❊✐s❡♥st❛t✱ ❛♥❞ ❊✳ ❘✉♣♣❡rt✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r
♦❢ ♣♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s✳ ❉✐str✐❜✉t❡❞ ❈♦♠♣✉t✐♥❣✱ ✷✵✭✹✮✿✷✼✾✕✸✵✹✱ ◆♦✈✳ ✷✵✵✼✳
✹✳ ❏✳ ❇❡❛✉q✉✐❡r✱ P✳ ❇❧❛♥❝❤❛r❞✱ ❏✳ ❇✉r♠❛♥✱ ❛♥❞ ❙✳ ❉❡❧❛❡t✳ ❊①❛❝t t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢
③❡❜r❛♥❡t ✇✐t❤ ❝♦✈❡r t✐♠❡s✳ ▲❘■ ■♥t❡r♥❛❧ ❘❡♣♦rt✱ ✷✵✶✶✳
✺✳ ❏✳ ❇❡❛✉q✉✐❡r✱ ❏✳ ❇✉r♠❛♥✱ ❏✳ ❈❧é♠❡♥t✱ ❛♥❞ ❙✳ ❑✉tt❡♥✳ ❖♥ ✉t✐❧✐③✐♥❣ s♣❡❡❞ ✐♥ ♥❡t✇♦r❦s
♦❢ ♠♦❜✐❧❡ ❛❣❡♥ts✳ ■♥ P❖❉❈✱ ♣❛❣❡s ✸✵✺✕✸✶✹✱ ✷✵✶✵✳
✻✳ ❏✳ ❇❡❛✉q✉✐❡r✱ ❏✳ ❇✉r♠❛♥✱ ❛♥❞ ❙✳ ❑✉tt❡♥✳ ❆ s❡❧❢✲st❛❜✐❧✐③✐♥❣ tr❛♥s❢♦r♠❡r ❢♦r ♣♦♣✉✲
❧❛t✐♦♥ ♣r♦t♦❝♦❧s ✇✐t❤ ❝♦✈❡r✐♥❣✳ ❚❤❡♦r✳ ❈♦♠♣✉t✳ ❙❝✐✳✱ ✹✶✷✭✸✸✮✿✹✷✹✼✕✹✷✺✾✱ ✷✵✶✶✳
✼✳ ❏✳ ❇❡❛✉q✉✐❡r✱ ❏✳ ❈❧é♠❡♥t✱ ❙✳ ▼❡ss✐❦❛✱ ▲✳ ❘♦s❛③✱ ❛♥❞ ❇✳ ❘♦③♦②✳ ❙❡❧❢✲st❛❜✐❧✐③✐♥❣
❝♦✉♥t✐♥❣ ✐♥ ♠♦❜✐❧❡ s❡♥s♦r ♥❡t✇♦r❦s ✇✐t❤ ❛ ❜❛s❡ st❛t✐♦♥✳ ■♥ ❉■❙❈✱ ♣❛❣❡s ✻✸✕✼✻✱
✷✵✵✼✳
✽✳ ❍✳ ❈❛✐ ❛♥❞ ❉✳ ❨✳ ❊✉♥✳ ❈r♦ss✐♥❣ ♦✈❡r t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✿ ❢r♦♠ ❡①♣♦♥❡♥t✐❛❧ t♦
♣♦✇❡r✲❧❛✇ ✐♥t❡r✲♠❡❡t✐♥❣ t✐♠❡ ✐♥ ▼❆◆❊❚✳ ■♥ ▼❖❇■❈❖▼✱ ♣❛❣❡s ✶✺✾✕✶✼✵✱ ✷✵✵✼✳
✾✳ ❆✳ ❈❤❛✐♥tr❡❛✉✱ P✳ ❍✉✐✱ ❏✳ ❈r♦✇❝r♦❢t✱ ❈✳ ❉✐♦t✱ ❘✳ ●❛ss✱ ❛♥❞ ❏✳ ❙❝♦tt✳ ■♠♣❛❝t ♦❢
❤✉♠❛♥ ♠♦❜✐❧✐t② ♦♥ ♦♣♣♦rt✉♥✐st✐❝ ❢♦r✇❛r❞✐♥❣ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
▼♦❜✐❧❡ ❈♦♠♣✉t✐♥❣✱ ✻✿✻✵✻✕✻✷✵✱ ❏✉♥❡ ✷✵✵✼✳
✶✵✳ ❉✳ ❈♦❧❧❡❣❡✳ ❚❤❡ ❞❛rt♠♦✉t❤ ✇✐r❡❧❡ss tr❛❝❡ ❛r❝❤✐✈❡✱ ✷✵✵✼✳
✶✶✳ ❈✳ ❉✇♦r❦✱ ◆✳ ❆✳ ▲②♥❝❤✱ ❛♥❞ ▲✳ ❏✳ ❙t♦❝❦♠❡②❡r✳ ❈♦♥s❡♥s✉s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛rt✐❛❧
s②♥❝❤r♦♥②✳ ❏✳ ❆❈▼✱ ✸✺✭✷✮✿✷✽✽✕✸✷✸✱ ✶✾✽✽✳
✶✷✳ ▼✳ ❋✐s❝❤❡r ❛♥❞ ❍✳ ❏✐❛♥❣✳ ❙❡❧❢✲st❛❜✐❧✐③✐♥❣ ❧❡❛❞❡r ❡❧❡❝t✐♦♥ ✐♥ ♥❡t✇♦r❦s ♦❢ ✜♥✐t❡✲st❛t❡
❛♥♦♥②♠♦✉s ❛❣❡♥ts✳ ■♥ ❖P❖❉■❙✱ ♣❛❣❡s ✸✾✺✕✹✵✾✱ ✷✵✵✻✳
✶✸✳ ❘✳ ●✉❡rr❛♦✉✐ ❛♥❞ ❊✳ ❘✉♣♣❡rt✳ ❊✈❡♥ s♠❛❧❧ ❜✐r❞s ❛r❡ ✉♥✐q✉❡✿ P♦♣✉❧❛t✐♦♥ ♣r♦t♦❝♦❧s
✇✐t❤ ✐❞❡♥t✐✜❡rs✳ ■♥ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ❈❙❊✲✷✵✵✼✲✵✹✳ ❨♦r❦ ❯♥✐✈❡rs✐t②✱ ✷✵✵✼✳
✶✹✳ ❙✳ ❍♦♥❣✱ ■✳ ❘❤❡❡✱ ❙✳ ❏✳ ❑✐♠✱ ❑✳ ▲❡❡✱ ❛♥❞ ❙✳ ❈❤♦♥❣✳ ❘♦✉t✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s
♦❢ ❤✉♠❛♥✲❞r✐✈❡♥ ❞❡❧❛② t♦❧❡r❛♥t ♥❡t✇♦r❦s ✉s✐♥❣ t❤❡ tr✉♥❝❛t❡❞ ❧❡✈② ✇❛❧❦ ♠♦❞❡❧✳ ■♥
▼♦❜✐❧✐t②▼♦❞❡❧s✱ ♣❛❣❡s ✷✺✕✸✷✱ ✷✵✵✽✳
✶✺✳ P✳ ❏✉❛♥❣✱ ❍✳ ❖❦✐✱ ❨✳ ❲❛♥❣✱ ▼✳ ▼❛rt♦♥♦s✐✱ ▲✳✲❙✳ P❡❤✱ ❛♥❞ ❉✳ ❘✉❜❡♥st❡✐♥✳ ❊♥❡r❣②✲
❡✣❝✐❡♥t ❝♦♠♣✉t✐♥❣ ❢♦r ✇✐❧❞❧✐❢❡ tr❛❝❦✐♥❣✿ ❞❡s✐❣♥ tr❛❞❡♦✛s ❛♥❞ ❡❛r❧② ❡①♣❡r✐❡♥❝❡s ✇✐t❤
③❡❜r❛♥❡t✳ ■♥ ❆❙P▲❖❙✱ ♣❛❣❡s ✾✻✕✶✵✼✱ ✷✵✵✷✳
✶✻✳ ❚✳ ❑❛r❛❣✐❛♥♥✐s✱ ❏✳ ▲✳ ❇♦✉❞❡❝✱ ❛♥❞ ▼✳ ❱♦❥♥♦✈✐❝✳ P♦✇❡r ❧❛✇ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②
♦❢ ✐♥t❡r ❝♦♥t❛❝t t✐♠❡s ❜❡t✇❡❡♥ ♠♦❜✐❧❡ ❞❡✈✐❝❡s✳ ■♥▼❖❇■❈❖▼✱ ♣❛❣❡s ✶✽✸✕✶✾✹✱ ✷✵✵✼✳
✶✼✳ ❆✳ ▲✐♥❞❣r❡♥✱ ❆✳ ❉♦r✐❛✱ ❛♥❞ ❖✳ ❙❝❤❡❧é♥✳ Pr♦❜❛❜✐❧✐st✐❝ r♦✉t✐♥❣ ✐♥ ✐♥t❡r♠✐tt❡♥t❧②
❝♦♥♥❡❝t❡❞ ♥❡t✇♦r❦s✳ ❙■●▼❖❇■▲❊ ▼♦❜✳ ❈♦♠♣✉t✳ ❈♦♠♠✉♥✳ ❘❡✈✳✱ ✼✿✶✾✕✷✵✱ ❏✉❧②
✷✵✵✸✳
✶✽✳ ●✳ ❚❡❧✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❉✐str✐❜✉t❡❞ ❆❧❣♦r✐t❤♠s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✶✳
